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3
�¥«®ç¨á«¥­­ë¥ äã­ªæ¨¨

����� ����� á®áâ ¢«ïîâ ª®áâïª ¤¨áªà¥â­®© ¬ â¥¬ â¨ª¨,
¨ ­ ¬ ç áâ® âà¥¡ã¥âáï ¯à¥®¡à §®¢ë¢ âì ¤à®¡­ë¥ ¨«¨ ¯à®¨§¢®«ì-
­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á«  ¢ æ¥«ë¥. � íâ®© £« ¢¥ ­ è  æ¥«ì |
¯®§­ ª®¬¨âìáï á â ª®£® à®¤  ¯à¥®¡à §®¢ ­¨ï¬¨ ¨ ¯à¨®¡à¥áâ¨ ­ -
¢ëª¨ à ¡®âë á ­¨¬¨,   â ª¦¥ ­¥¬­®£® ¨§ãç¨âì ¨å § ¬¥ç â¥«ì­ë¥
á¢®©áâ¢ .

3.1 �®«ë ¨ ¯®â®«ª¨
� ç­¥¬ á ­ áâ¨«  ¯®«  (
oor) ¨ ¯¥à¥ªàëâ¨ï ¯®â®«ª 

(ceil),   ¨¬¥­­® | á äã­ªæ¨© \¯®«" (­ ¨¡®«ìè¥¥ æ¥«®¥) ¨ \¯®-
â®«®ª" (­ ¨¬¥­ìè¥¥ æ¥«®¥), ª®â®àë¥ ®¯à¥¤¥«¥­ë ¤«ï ¢á¥å ¤¥©-
áâ¢¨â¥«ì­ëå ç¨á¥« x á«¥¤ãîé¨¬ ®¡à §®¬:

bxc = ­ ¨¡®«ìè¥¥ æ¥«®¥, ­¥ ¯à¥¢ëè îé¥¥ x ;
dxe = ­ ¨¬¥­ìè¥¥ æ¥«®¥, ­¥ ¬¥­ìè¥¥ x .

(3.1)

�â¨ ®¡®§­ ç¥­¨ï (¨ ­ §¢ ­¨ï) ¡ë«¨ ¢¢¥¤¥­ë �¥­­¥â®¬ �©¢¥àá®-
­®¬ (Kenneth E. Iverson) ¢ ­ ç «¥ 1960-å £®¤®¢ [191, á. 12]. �­
®¡­ àã¦¨«, çâ® ­ ¡®àé¨ª¨ ¢¯®«­¥ ¬®£«¨ ¡ë á¯à ¢¨âìáï á íâ¨¬¨
á¨¬¢®« ¬¨, áà¥§ ¢ ¢¥àåãèª¨ ¨ ®á­®¢ ­¨ï á¨¬¢®«®¢ ` [ ' ¨ ` ] '. �£®
®¡®§­ ç¥­¨ï áâ «¨ ­ áâ®«ìª® à á¯à®áâà ­¥­­ë¬¨, çâ® á¥©ç á ®­¨
¨á¯®«ì§ãîâáï ¢ â¥å­¨ç¥áª¨å áâ âìïå ¡¥§ ª ª¨å-«¨¡® ¯®ïá­¥­¨©.
�® ­¥¤ ¢­¥£® ¢à¥¬¥­¨ ¤«ï ­ ¨¡®«ìè¥£® æ¥«®£® � x ç áâ® ¨á¯®«ì-
§®¢ «®áì ®¡®§­ ç¥­¨¥ `[x]', ¯à¨ íâ®¬ íª¢¨¢ «¥­â­®¥ ®¡®§­ ç¥­¨¥
¤«ï ­ ¨¬¥­ìè¥£® æ¥«®£® ®âáãâáâ¢®¢ «®. �¥ª®â®àë¥  ¢â®àë ¯ë-
â «¨áì ¨á¯®«ì§®¢ âì `]x[' (¯®­ïâ­®, çâ® ¨§ íâ®£® ­¨ç¥£® ­¥ ¬®£«®)�ààà. . . (
¯®«ãç¨âìáï).

�®¬¨¬® à §­ëå ¢ à¨ ­â®¢ ®¡®§­ ç¥­¨©, ¨¬¥îâáï à §­ë¥ ¢ -
à¨ ­âë á ¬¨å äã­ªæ¨©. � ¯à¨¬¥à, ­¥ª®â®àë¥ ª «ìªã«ïâ®àë
¨¬¥îâ äã­ªæ¨î INT, ®¯à¥¤¥«¥­­ãî ª ª bxc ¯à¨ ¯®«®¦¨â¥«ì­®¬
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x ¨ dxe ¯à¨ ®âà¨æ â¥«ì­®¬ x. �¥à®ïâ­®, à §à ¡®âç¨ª¨ íâ¨å ª «ì-
ªã«ïâ®à®¢ å®â¥«¨, çâ®¡ë ¨å äã­ªæ¨ï INT ã¤®¢«¥â¢®àï«  â®¦¤¥-
áâ¢ã INT(−x) = −INT(x). �® ¬ë ®áâ ¥¬áï ¯à¨¢¥à¦¥­æ ¬¨ ­ è¨å
¯®«  ¨ ¯®â®«ª , ¯®áª®«ìªã ã ­¨å ¨¬¥îâáï á¢®©áâ¢  £®à §¤® ¡®«¥¥
¯à¨¢«¥ª â¥«ì­ë¥.

�¤¨­ ¨§ á¯®á®¡®¢ ¯®¡«¨¦¥ ¯®§­ ª®¬¨âìáï á äã­ªæ¨ï¬¨ ¯®« 
¨ ¯®â®«ª  | ¢§£«ï­ãâì ­  ¨å £à ä¨ª¨, ­ ¯®¬¨­ îé¨¥ áâã¯¥­ìª¨
­ ¤ ¨ ¯®¤ ¯àï¬®© f(x) = x:
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dxe = rq q q q q q
bxc = r

x = e

x = −e

�§ íâ®£® £à ä¨ª , ­ ¯à¨¬¥à, ¢¨¤­®, çâ®

bec = 2 ,

dee = 3 ,

b−ec = −3 ,

d−ee = −2 ,

¯®áª®«ìªã e = 2.71828 . . . .
�§£«ï­ã¢ ­  íâã ¨««îáâà æ¨î, ¬®¦­® § ¬¥â¨âì àï¤ ä ªâ®¢

®â­®á¨â¥«ì­® ¯®«®¢ ¨ ¯®â®«ª®¢. � ç­¥¬ á â®£®, çâ®, ¯®áª®«ì-
ªã äã­ªæ¨ï ¯®«  «¥¦¨â ¯®¤ ¤¨ £®­ «ìî f(x) = x, á¯à ¢¥¤«¨¢®
á®®â­®è¥­¨¥ bxc � x;  ­ «®£¨ç­® dxe � x. (�®­¥ç­®, íâ¨ ä ª-
âë á«¥¤ãîâ ­¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï äã­ªæ¨©.) � æ¥«ëå
â®çª å íâ¨ ¤¢¥ äã­ªæ¨¨ á®¢¯ ¤ îâ:

bxc = x ⇐⇒ x æ¥«®¥ ⇐⇒ dxe = x .

(�¤¥áì á¨¬¢®« `⇐⇒' ®§­ ç ¥â \â®£¤  ¨ â®«ìª® â®£¤ ".) �á«¨ ¦¥
®­¨ ­¥ á®¢¯ ¤ îâ, â® ¯®â®«®ª à®¢­® ­  1 ¢ëè¥ ¯®« :

dxe− bxc = [x ­¥ æ¥«®¥] . (3.2)

�á«¨ á¤¢¨­ãâì ¤¨ £®­ «ì ¢­¨§ ­  1, â® ®­  ®ª ¦¥âáï ¯®«­®áâìî

�à á¨¢®¥ ¯à¨¬¥­¥-
­¨¥ ®¡®§­ ç¥­¨©,
¢¢¥¤¥­­ëå �©¢¥à-
á®­®¬!¯®¤ äã­ªæ¨¥© \¯®«", â ª çâ® x− 1 < bxc;  ­ «®£¨ç­® x+ 1 > dxe.

�¡ê¥¤¨­¨¢ íâ¨ ­ ¡«î¤¥­¨ï, ¯®«ãç ¥¬

x− 1 < bxc � x � dxe < x+ 1 . (3.3)
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� ª®­¥æ, íâ¨ äã­ªæ¨¨ ï¢«ïîâáï ®âà ¦¥­¨ï¬¨ ¤àã£ ¤àã£  ®â­®-
á¨â¥«ì­® ®¡¥¨å ®á¥©:

b−xc = −dxe ; d−xe = −bxc . (3.4)

� ª¨¬ ®¡à §®¬, ª ¦¤ ï äã­ªæ¨ï «¥£ª® ¢ëà ¦ ¥âáï ç¥à¥§ ¤àã-
£ãî, çâ® ¯®¬®£ ¥â ®¡êïá­¨âì, ¯®ç¥¬ã äã­ªæ¨ï \¯®â®«®ª" à ­ìè¥
­¥ ¨¬¥«  á®¡áâ¢¥­­®£® ®¡®§­ ç¥­¨ï. �¥¬ ­¥ ¬¥­¥¥ ¯®â®«ª¨ ¢áâà¥-
ç îâáï â ª ç áâ®, çâ® § á«ã¦¨¢ îâ ®â¤¥«ì­®£® ®¡®§­ ç¥­¨ï, â ª
¦¥ ª ª ®â¤¥«ì­ë¥ ®¡®§­ ç¥­¨ï ¡ë«¨ ¢¢¥¤¥­ë ¤«ï ¢®§à áâ îé¨å
¨ ã¡ë¢ îé¨å áâ¥¯¥­¥©. � â¥¬ â¨ª¨ ¨§¤ ¢­  ¨¬¥îâ á¨­ãá ¨ ª®-
á¨­ãá, â ­£¥­á ¨ ª®â ­£¥­á, á¥ª ­á ¨ ª®á¥ª ­á, ¬ ªá¨¬ã¬ ¨ ¬¨­¨-
¬ã¬,   â¥¯¥àì ã ­ á ¥áâì ¯®« ¨ ¯®â®«®ª.�  á«¥¤ãîé¥© ­¥-

¤¥«¥ ®¡¥é «¨ ¯®¤-
¢¥§â¨ áâ¥­ë. . . �«ï ­ áâ®ïé¥£® ¤®ª § â¥«ìáâ¢  á¢®©áâ¢ íâ¨å äã­ªæ¨© (  ­¥

¯à®áâ® à §£«ï¤ë¢ ­¨ï ª àâ¨­®ª) ®á®¡¥­­® ¯®«¥§­ë á«¥¤ãîé¨¥
¯à ¢¨« :

bxc = n ⇐⇒ n � x < n+ 1 , ( )
bxc = n ⇐⇒ x− 1 < n � x , (¡)
dxe = n ⇐⇒ n− 1 < x � n , (¢)
dxe = n ⇐⇒ x � n < x+ 1 . (£)

(3.5)

(�® ¢á¥å á«ãç ïå áç¨â ¥âáï, çâ® n| æ¥«®¥,   x| ¤¥©áâ¢¨â¥«ì-
­®¥.) �à ¢¨«  ( ) ¨ (¢) á«¥¤ãîâ ­¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï
(3.1); ¯à ¢¨«  (¡) ¨ (£) | â¥ ¦¥ á ¬ë¥, ¯à®áâ® ­¥à ¢¥­áâ¢  ¯à¥-
®¡à §®¢ ­ë â ª, çâ® ¢ áà¥¤¨­¥ ®ª §ë¢ ¥âáï n.

�¥«®ç¨á«¥­­®¥ á« £ ¥¬®¥ ¬®¦­® á¢®¡®¤­® ¢­®á¨âì ¨ ¢ë­®-
á¨âì ¢/§  áª®¡ª¨ ¯®« /¯®â®«ª :�  à ¤®áâì ®á«¨ªã

� . . .
| �¥à¥¢®¤ç¨ª bx+ nc = bxc+ n , n| æ¥«®¥. (3.6)

(�à ¢¨«® (3.5,  ) £« á¨â, çâ® íâ® ãâ¢¥à¦¤¥­¨¥ íª¢¨¢ «¥­â­® ­¥à -
¢¥­áâ¢ ¬ bxc+n � x+n < bxc+n+1.) �®  ­ «®£¨ íâ®© ®¯¥à æ¨¨
â¨¯  ¢ë­¥á¥­¨ï §  áª®¡ª¨ ¯®áâ®ï­­®£® ¬­®¦¨â¥«ï ¢ ®¡é¥¬ á«ã-
ç ¥ ­¥¤®¯ãáâ¨¬ë. � ¯à¨¬¥à, bnxc 6= nbxc ¯à¨ n = 2 ¨ x = 1/2.
�â® ®§­ ç ¥â, çâ® áª®¡ª¨ ¯®«  ¨ ¯®â®«ª  áà ¢­¨â¥«ì­® ­¥£¨¡ª¨.
�¡ëç­® ¬ë áç áâ«¨¢ë, ¥á«¨ ã¤ ¥âáï ®â ­¨å ¨§¡ ¢¨âìáï ¨«¨ çâ®-
â® ¤®ª § âì ¯à¨ ¨å ­ «¨ç¨¨.

�ª §ë¢ ¥âáï, çâ® ¨¬¥¥âáï ¬ áá  á¨âã æ¨©, ª®£¤  áª®¡ª¨ ¯®« 
¨ ¯®â®«ª  ¨§¡ëâ®ç­ë, â ª çâ® ¨å ¬®¦­® ã¤ «ïâì ¨«¨ ¢áâ ¢«ïâì,
ª ª ¢ ¬ ã£®¤­®. � ¯à¨¬¥à, «î¡®¥ ­¥à ¢¥­áâ¢® ¬¥¦¤ã ¤¥©áâ¢¨-
â¥«ì­ë¬ ¨ æ¥«ë¬ ç¨á« ¬¨ íª¢¨¢ «¥­â­® ­¥à ¢¥­áâ¢ã á ¯®«®¬
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¨«¨ ¯®â®«ª®¬ ¬¥¦¤ã æ¥«ë¬¨ ç¨á« ¬¨:

x < n ⇐⇒ bxc < n , ( )
n < x ⇐⇒ n < dxe , (¡)
x � n ⇐⇒ dxe � n , (¢)
n � x ⇐⇒ n � bxc . (£)

(3.7)

�â¨ ¯à ¢¨«  «¥£ª® ¤®ª § âì. � ¯à¨¬¥à, ¥á«¨ x < n, â®, ª®­¥ç­®
¦¥, bxc < n, ¯®áª®«ìªã bxc � x. � ­ ®¡®à®â, ¥á«¨ bxc < n, â®
¤®«¦­® ¢ë¯®«­ïâìáï x < n, ¯®áª®«ìªã x < bxc+ 1 ¨ bxc+ 1 � n.

�ë«® ¡ë å®à®è®, ¥á«¨ ¡ë íâ¨ ç¥âëà¥ ¯à ¢¨«  ¢ (3.7) â ª ¦¥
«¥£ª® § ¯®¬¨­ «¨áì, ª ª ¨ ¤®ª §ë¢ «¨áì. � ¦¤®¥ ­¥à ¢¥­áâ¢®
¡¥§ ¯®«  ¨«¨ ¯®â®«ª  á®®â¢¥âáâ¢ã¥â â ª®¬ã ¦¥ ­¥à ¢¥­áâ¢ã á ¯®-
«®¬ ¨«¨ á ¯®â®«ª®¬; ­® ­ã¦­® ¤¢ ¦¤ë ¯®¤ã¬ âì, ¯à¥¦¤¥ ç¥¬
à¥è¨âì, ª ª®¥ ¨§ ­¨å ¯®¤å®¤¨â.

� §­®áâì ¬¥¦¤ã x ¨ bxc ­ §ë¢ ¥âáï ¤à®¡­®© ç áâìî x

¨ ¢áâà¥ç ¥âáï ¢ ¯à¨«®¦¥­¨ïå ¤®áâ â®ç­® ç áâ®, çâ®¡ë § á«ã¦¨âì
á®¡áâ¢¥­­®¥ ®¡®§­ ç¥­¨¥:

fxg = x− bxc . (3.8)

�­®£¤  bxc ­ §ë¢ îâ æ¥«®© ç áâìî x, ¯®áª®«ìªã x = bxc + fxg.

�ãçè¥ ¢á¥ ¦¥ ­¥
§ ¯¨áë¢ âì ¤à®¡-
­ãî ç áâì ª ª fxg
¢ á«ãç ïå, ª®£¤ 
¥áâì è ­á á¯ãâ âì
¥¥ á ¬­®¦¥áâ¢®¬,
á®áâ®ïé¨¬ ¨§
¥¤¨­áâ¢¥­­®£®
í«¥¬¥­â  x .

�á«¨ ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«® x ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ x = n + θ,
£¤¥ n| æ¥«®¥ ç¨á«®,   0 � θ < 1, â® á®£« á­® (3.5,  ) ¬®¦­®
§ ª«îç¨âì, çâ® n = bxc ¨ θ = fxg.

� ¢¥­áâ¢® (3.6) ­¥ ¢ë¯®«­ï¥âáï, ¥á«¨ n| ¯à®¨§¢®«ì­®¥ ¤¥©-
áâ¢¨â¥«ì­®¥ ç¨á«®. �® ¢ ®¡é¥¬ á«ãç ¥ ¤«ï bx + yc ¨¬¥îâáï ¤¢¥
¢®§¬®¦­®áâ¨. �á«¨ § ¯¨á âì x = bxc+fxg ¨ y = byc+fyg, â® ¯®«ã-
ç¨¬ bx+yc = bxc+ byc+ bfxg+ fygc. � ¯®áª®«ìªã 0 � fxg+ fyg < 2,
®ª §ë¢ ¥âáï, çâ® ¨­®£¤  bx + yc à ¢­® bxc + byc,   ¢ ®áâ «ì­ëå �â®à®© á«ãç © à¥-

 «¨§ã¥âáï â®£¤ 
¨ â®«ìª® â®£¤ ,
ª®£¤  ¢ë¯®«­ï¥âáï
\¯¥à¥­®á" §  ¤¥áï-
â¨ç­ãî â®çªã ¯à¨
á«®¦¥­¨¨ ¤à®¡­ëå
ç áâ¥© fxg ¨ fyg .

á«ãç ïå íâ® bxc+ byc+ 1.

3.2 �à¨¬¥­¥­¨ï ¯®«  ¨ ¯®â®«ª 
�â ª, ¡ §®¢ë© ¨­áâàã¬¥­â à¨© ¤«ï à ¡®âë á ¯®« ¬¨

¨ ¯®â®«ª ¬¨ ã ­ á ¥áâì. �¯à®¡ã¥¬ ¨å ­  ¤¥«¥, ­ ç ¢ á ¯à®-
áâ®© § ¤ çª¨: çâ® â ª®¥ dlg 35e? (�«¥¤ãï ¯à¥¤«®¦¥­¨î �¤¢ à¤ 
�. �¥©­£®«ì¤  (Edward M. Reingold), ¬ë ¨á¯®«ì§ã¥¬ `lg' ¤«ï ®¡®-
§­ ç¥­¨ï «®£ à¨ä¬  ¯® ®á­®¢ ­¨î 2.) �ã   ¯®áª®«ìªã 25 < 35 �
26, ¢§ïâ¨¥ «®£ à¨ä¬  ¤ ¥â ­ ¬ 5 < lg 35 � 6, ®âªã¤  á®£« á­®
(3.5, ¢) dlg 35e = 6.

� ¬¥â¨¬, çâ® ç¨á«® 35 ¯à¨ § ¯¨á¨ ¢ ¤¢®¨ç­®© á¨áâ¥¬¥ áç¨á-
«¥­¨ï á®áâ®¨â ¨§ è¥áâ¨ ¡¨â®¢: 35 = (100011)2. �á¥£¤  «¨ ¢¥à­®,
çâ® dlgne ¯à¥¤áâ ¢«ï¥â á®¡®© ¤«¨­ã n ¢ ¤¢®¨ç­®¬ ¢¨¤¥? �¥ ¢á¥-
£¤ . � ¬ ­ã¦­ë â¥ ¦¥ 6 ¡¨â ¨ ¤«ï § ¯¨á¨ 32 = (100000)2, â ª
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çâ® dlgne| ­¥¢¥à­ë© ®â¢¥â ­  ¯®áâ ¢«¥­­ë© ¢®¯à®á. (�­ ­¥¢¥-
à¥­, â®«ìª® ª®£¤  n ¯à¥¤áâ ¢«ï¥â á®¡®© áâ¥¯¥­ì 2, ­® íâ® ®§­ -
ç ¥â, çâ® ®­ ­¥¢¥à¥­ ¢ ¡¥áª®­¥ç­®¬ ç¨á«¥ á«ãç ¥¢.) �à ¢¨«ì­ë©
®â¢¥â ¬®¦­® ­ ©â¨, § ¬¥â¨¢, çâ® ¤«ï § ¯¨á¨ ç¨á«  n, â ª®£®,
çâ® 2m−1 � n < 2m, âà¥¡ã¥âáï m ¡¨â; (3.5,  ) £®¢®à¨â ­ ¬, çâ®
m− 1 = blgnc, â ª çâ® m = blgnc+ 1. �® ¥áâì ¤«ï § ¯¨á¨ «î¡®£®
n > 0 âà¥¡ã¥âáï blgnc + 1 ¡¨â. �­ «®£¨ç­ë¥ à ááã¦¤¥­¨ï ¤ -
îâ ¤àã£®© ¢ à¨ ­â ®â¢¥â  dlg(n + 1)e; íâ  ä®à¬ã«  á¯à ¢¥¤«¨¢ 
¨ ¤«ï n = 0, ¥á«¨ áç¨â âì, çâ® ¤«ï § ¯¨á¨ n = 0 ¢ ¤¢®¨ç­®¬ ¢¨¤¥
âà¥¡ã¥âáï 0 ¡¨â.

� ¢ ©â¥ â¥¯¥àì à áá¬®âà¨¬ ¢ëà ¦¥­¨ï á ­¥áª®«ìª¨¬¨ ¯®-
« ¬¨ ¨«¨ ¯®â®«ª ¬¨. �â® â ª®¥

⌈bxc⌉? �â® ¯à®áâ®: ¯®áª®«ìªã
bxc| æ¥«®¥ ç¨á«®,

⌈bxc⌉| íâ® ¯à®áâ® bxc. �â®¬ã ¦¥ à ¢­® «î-
¡®¥ ¤àã£®¥ ¢ëà ¦¥­¨¥, ¢ ª®â®à®¬ ­ ¨¡®«¥¥ £«ã¡®ª® ¢«®¦¥­­ë©
bxc ®ªàã¦¥­ «î¡ë¬ ª®«¨ç¥áâ¢®¬ ¯®«®¢ ¨ ¯®â®«ª®¢.

�®â ¡®«¥¥ á«®¦­ ï § ¤ ç : ¤®ª ¦¨â¥ ¨«¨ ®¯à®¢¥à£­¨â¥ ãâ-
¢¥à¦¤¥­¨¥

⌊√bxc⌋ = b√xc ¤«ï ¤¥©áâ¢¨â¥«ì­®£® x � 0. (3.9)

�ç¥¢¨¤­®, çâ® à ¢¥­áâ¢® ¤®áâ¨£ ¥âáï, ª®£¤  x| æ¥«®¥ ç¨á«®,
â ª ª ª x = bxc. � ¢¥­áâ¢® ¢ë¯®«­ï¥âáï ¨ ¤«ï ç áâ­ëå á«ãç ¥¢�ã ª®­¥ç­®, ¯¥à-

¢ë¥ ¤¥©áâ¢¨â¥«ì-
­ë¥ ç¨á« , ¯à¨-
å®¤ïé¨¥ ­  ã¬, |
íâ® π , e ¨ φ , à §-
¢¥ ­¥ â ª?

π = 3.14159 . . . , e = 2.71828 . . . ¨ φ = (1+
√
5)/2 = 1.61803 . . . , ¯®-

áª®«ìªã ¢® ¢á¥å íâ¨å á«ãç ïå ¬ë ¯®«ãç ¥¬ 1 = 1. �¥§ãá¯¥è­ë¥
¯®¯ëâª¨ ­ ©â¨ ª®­âà¯à¨¬¥à ­ ¢®¤ïâ ­  ¬ëá«ì, çâ® à ¢¥­áâ¢®
á¯à ¢¥¤«¨¢® ¢ ®¡é¥¬ á«ãç ¥, â ª çâ® ¤ ¢ ©â¥ ¯®¯ëâ ¥¬áï ¥£® ¤®-
ª § âì.

�áâ â¨, ª®£¤  ¬ë áâ «ª¨¢ ¥¬áï á § ¤ ç¥© \¤®ª § âì ¨«¨ ®¯-
�ª¥¯â¨æ¨§¬ ¯®«¥-
§¥­ ¤«ï §¤®à®¢ìï
â®«ìª® ¤® ®¯à¥¤¥-
«¥­­®© áâ¥¯¥­¨.
�ª¥¯â¨ç¥áª®¥ ®â-
­®è¥­¨¥ ª ­ ¬¥-
à¥­¨ï¬ ¨ ¯« ­ ¬
(®á®¡¥­­® á¢®¨¬),
¢¥à®ïâ­®, ¨§¡ ¢¨â
¢ á ®â ¢®«­¥­¨©
¨ ®¡¥á¯¥ç¨â á¯®-
ª®©­ãî ¦¨§­ì. �®
¯à®ï¢«¥­¨¥ á«¨è-
ª®¬ áª¥¯â¨ç¥áª®-
£® ®â­®è¥­¨ï ­ -
¢¥à­ïª  § áâ ¢¨â
¢ á ¢á¥ ¢à¥¬ï ¡ëâì
¯à¨ª®¢ ­­ë¬ ª
à ¡®â¥, ¢¬¥áâ® â®£®
çâ®¡ë ¯®§¢®«¨âì
á¥¡¥ ¢ëªà®¨âì ¢à¥-
¬ï ¤«ï ä¨§¨ç¥áª¨å
ã¯à ¦­¥­¨©

à®¢¥à£­ãâì", â® ®¡ëç­® ­ ç¨­ ¥¬ á ¯®¯ëâ®ª ®¯à®¢¥à¦¥­¨ï ¯à¨
¯®¬®é¨ ª®­âà¯à¨¬¥à  ¯® ¤¢ã¬ ¯à¨ç¨­ ¬: ®¯à®¢¥à¦¥­¨¥ ¯®â¥­-
æ¨ «ì­® ¯à®é¥ (¤®áâ â®ç­® ®¤­®£® ®¯à®¢¥à£ îé¥£® ª®­âà¯à¨¬¥-
à ),   ¥£® ¯®¨áª¨ ¡ã¤ïâ á¯ïé¨¥ â¢®àç¥áª¨¥ á¨«ë. � ¦¥ ¥á«¨
ãâ¢¥à¦¤¥­¨¥ ¨áâ¨­­®, ¯®¨áª¨ ª®­âà¯à¨¬¥à®¢ § ç áâãî ¯à¨¢®-
¤ïâ ª ¤®ª § â¥«ìáâ¢ã | ª ª â®«ìª® áª¥¯â¨ª ¯®­¨¬ ¥â, ¯®ç¥¬ã
ª®­âà¯à¨¬¥à ­¥¢®§¬®¦¥­. � ¢®®¡é¥, áª¥¯â¨æ¨§¬ ¯®«¥§¥­ ¤«ï
§¤®à®¢ìï.

�á«¨ ¡ë ¬ë ¯ëâ «¨áì ¤®ª § âì, çâ®
⌊√bxc⌋ = b√xc ¯à¨ ¯®-

¬®é¨  ­ «¨§ , â® ¤«ï íâ®£® ¬®¦­® ¡ë«® ¡ë ­ ç âì á à §¡¨¥­¨ï
x ­  æ¥«ãî ¨ ¤à®¡­ãî ç áâ¨ bxc+ fxg = n+θ á ¯®á«¥¤ãîé¨¬ à §-
«®¦¥­¨¥¬ ª¢ ¤à â­®£® ª®à­ï, ¯à¨¬¥­ïï ¡¨­®¬¨ «ì­ãî â¥®à¥¬ã:
(n + θ)1/2 = n1/2 + n−1/2θ/2− n−3/2θ2/8 + · · · . �® íâ® á«¨èª®¬
£à®¬®§¤ª¨©, ­¥¯à ªâ¨ç­ë© ¯®¤å®¤.

�®à §¤® ¯à®é¥ ¢®á¯®«ì§®¢ âìáï ¨¬¥îé¨¬áï ¨­áâàã¬¥­â à¨-
¥¬. �®â ¢®§¬®¦­ ï áâà â¥£¨ï: à §®¡à âì ­ àã¦­ë© ¯®« ¨ ª¢ -
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¤à â­ë© ª®à¥­ì ¢
⌊√bxc⌋, § â¥¬ ã¤ «¨âì ¢­ãâà¥­­¨© ¯®«, ¯®á-

«¥ ç¥£® á®¡à âì à §®¡à ­­®¥, çâ®¡ë ¯®«ãç¨âì b√xc. �®«®¦¨¬
m =

⌊√bxc⌋ ¨ ¢®á¯®«ì§ã¥¬áï ¯à ¢¨«®¬ (3.5,  ), ¯®«ãç ï m �√
bxc < m+ 1. �¥¬ á ¬ë¬ ¬ë ¨§¡ ¢«ï¥¬áï ®â áª®¡®ª ­ àã¦­®£®

¯®« , ­¨ç¥£® ¯à¨ íâ®¬ ­¥ â¥àïï. �à¨¬¥­¨¬ ¢®§¢¥¤¥­¨¥ ¢ ª¢ ¤-
à â, ¯®áª®«ìªã ¢á¥ âà¨ ¢ëà ¦¥­¨ï ­¥®âà¨æ â¥«ì­ë. �à¨ íâ®¬ ¬ë
¯®«ãç¨¬ m2 � bxc < (m + 1)2. � ª ¬ë ¨§¡ ¢«ï¥¬áï ®â ª¢ ¤à â-
­®£® ª®à­ï. � â¥¬ ¬ë ã¤ «ï¥¬ ¯®«, ¢®á¯®«ì§®¢ ¢è¨áì ¯à ¢¨«®¬
(3.7, £) ¤«ï «¥¢®£® ­¥à ¢¥­áâ¢  ¨ (3.7,  ) ¤«ï ¯à ¢®£®: m2 � x <

(m + 1)2. �¥¯¥àì ¢®ááâ ­®¢¨âì ¯à®¤¥« ­­®¥ ­¥ á®áâ ¢«ï¥â ®á®¡®-
£® âàã¤ : ¨§¢«¥çì ª¢ ¤à â­ë¥ ª®à­¨, ¯®«ãç¨¢ m �

√
x < m + 1,

¨ ¢®á¯®«ì§®¢ âìáï ¯à ¢¨«®¬ (3.5,  ), çâ®¡ë ¯®«ãç¨âì m = b√xc.
� ª¨¬ ®¡à §®¬,

⌊√bxc⌋ = m = b√xc, â.¥. ãâ¢¥à¦¤¥­¨¥ ®ª § «®áì
¨áâ¨­­ë¬. �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ®

⌈√dxe⌉ = d√x e ¤«ï ¤¥©áâ¢¨â¥«ì­®£® x � 0.

�®«ìª® çâ® ­ ©¤¥­­®¥ ¤®ª § â¥«ìáâ¢® ­¥ â ª á¨«ì­® ¯®« £ -

¨ ¢®ááâ ­®¢«¥­¨ï
á¨«. �à¥§¬¥à­ë©
áª¥¯â¨æ¨§¬ | íâ®
¯àï¬ ï ¤®à®£  ª
á®áâ®ï­¨î \ª®­-
ç¥­­®£® ç¥«®¢¥ª ",
ª®£¤  ¢ë áâ ­®-
¢¨â¥áì ­ áâ®«ìª®
®§ ¡®ç¥­ë á®¡«î-
¤¥­¨¥¬ áâà®£®áâ¨
¨ § ª®­ç¥­­®áâ¨,
çâ® ã¦¥ ­¨ª®£¤ 
­¥ ¬®¦¥â¥ ­¨ç¥£®
¤®¢¥áâ¨ ¤® ª®­æ .

| �ª¥¯â¨ª

¥âáï ­  á¢®©áâ¢  ª¢ ¤à â­ëå ª®à­¥©. �®«¥¥ ¯à¨áâ «ì­ë© ¢§£«ï¤
¯®ª §ë¢ ¥â, çâ® ¬®¦­® ®¡®¡é¨âì «¥¦ é¨¥ ¢ ®á­®¢¥ ¤®ª § â¥«ì-
áâ¢  ¨¤¥¨ ¨ ¤®ª § âì ¡®«¥¥ ®¡é¥¥ ãâ¢¥à¦¤¥­¨¥. �ãáâì f(x)|
­¥ª®â®à ï ­¥¯à¥àë¢­ ï ¬®­®â®­­® ¢®§à áâ îé ï äã­ªæ¨ï, ®¡-
« ¤ îé ï â¥¬ á¢®©áâ¢®¬, çâ®

f(x) = æ¥«®¥ ç¨á«® =⇒ x = æ¥«®¥ ç¨á«® .

(�¨¬¢®« `=⇒' ®§­ ç ¥â \®âáî¤  á«¥¤ã¥â".) �®£¤ 

bf(x)c = bf(bxc)c ¨ df(x)e = df(dxe)e (3.10)

¢áïª¨© à §, ª®£¤  ®¯à¥¤¥«¥­ë äã­ªæ¨¨ f(x), f(bxc) ¨ f(dxe). �®-

�â® ­ ¡«î¤¥­¨¥
¡ë«® á¤¥« ­®
�.�. � ª-�«¨á®¬
(R. J. McEliece),
ª®£¤  ®­ § ª ­ç¨-
¢ « ã­¨¢¥àá¨â¥â.

áª®«ìªã ¤® íâ®£® ¬ë § ­¨¬ «¨áì ¯®« ¬¨, ¤ ¢ ©â¥ ¤®ª ¦¥¬ íâ®
®¡é¥¥ á¢®©áâ¢® ¤«ï ¯®â®«ª®¢, â¥¬ ¡®«¥¥ çâ® ¤«ï ¯®«®¢ ¤®ª § -
â¥«ìáâ¢® ¯®çâ¨ â ª®¥ ¦¥. �á«¨ x = dxe, â® ¤®ª §ë¢ âì ­¥ç¥-
£®. � ¯à®â¨¢­®¬ á«ãç ¥ x < dxe,   f(x) < f(dxe), ¯®áª®«ìªã f|
¢®§à áâ îé ï äã­ªæ¨ï. �«¥¤®¢ â¥«ì­®, df(x)e � df(dxe)e, â ª
ª ª d e| äã­ªæ¨ï ­¥ã¡ë¢ îé ï. �á«¨ df(x)e < df(dxe)e, â®, ¯®-
áª®«ìªã äã­ªæ¨ï f ­¥¯à¥àë¢­ , ¤®«¦­® áãé¥áâ¢®¢ âì ç¨á«® y,
â ª®¥, çâ® x � y < dxe ¨ f(y) = df(x)e. �â® y ï¢«ï¥âáï æ¥«ë¬
ç¨á«®¬ ¢ á¨«ã á¯¥æ¨ «ì­®£® á¢®©áâ¢  f. �® ¬¥¦¤ã bxc ¨ dxe ­¥
¬®¦¥â ¡ëâì ­¨ª ª®£® æ¥«®£® ç¨á« . �â® ¯à®â¨¢®à¥ç¨¥ ®§­ ç ¥â,
çâ® ¤®«¦­® ¢ë¯®«­ïâìáï df(x)e = df(dxe)e.
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� ¦­ë© ç áâ­ë© á«ãç © íâ®© â¥®à¥¬ë § á«ã¦¨¢ ¥â â®£®,
çâ®¡ë ¡ëâì ï¢­® ã¯®¬ï­ãâë¬:
⌊
x+m

n

⌋
=

⌊bxc+m

n

⌋
¨

⌈
x+m

n

⌉
=

⌈dxe+m

n

⌉
, (3.11)

¥á«¨ m ¨ n| æ¥«ë¥ ç¨á« ,   §­ ¬¥­ â¥«ì n ¯®«®¦¨â¥«¥­. � -
¯à¨¬¥à, ¯ãáâì m = 0; â®£¤ 

⌊⌊bx/10c/10⌋/10⌋ = bx/1000c. �à®¥-
ªà â­®¥ ¤¥«¥­¨¥ ­  10 ¨ ®â¡à áë¢ ­¨¥ æ¨äà ®áâ âª  | íâ® â®
¦¥, çâ® ¨ ¤¥«¥­¨¥ ­  1000 á ¯®á«¥¤ãîé¨¬ ®â¡à áë¢ ­¨¥¬ ¢á¥£®
®áâ âª .

�®¯à®¡ã¥¬ â¥¯¥àì ¤®ª § âì ¨«¨ ®¯à®¢¥à£­ãâì á«¥¤ãîé¥¥ ãâ-
¢¥à¦¤¥­¨¥:

⌈√bxc⌉ ?
= d√x e ¯à¨ ¤¥©áâ¢¨â¥«ì­®¬ x � 0.

�­® á¯à ¢¥¤«¨¢® ¯à¨ x = π ¨ x = e, ­® ­¥ ¢ë¯®«­ï¥âáï ¯à¨
x = φ. �â®£® ¤®áâ â®ç­®, çâ®¡ë ãâ¢¥à¦¤ âì, çâ® ¢ ®¡é¥¬ á«ãç ¥
®­® ­¥¢¥à­®.

����������� �¥à¥¤ â¥¬ ª ª ¨¤â¨ ¤ «ìè¥, ¤ ¢ ©â¥ ­  ¬¨-
­ãâã ¯à¥à¢¥¬áï ¨ à áá¬®âà¨¬ à §«¨ç­ë¥ ãà®¢­¨ § ¤ ç, ª®â®àë¥
¬®£ãâ ¯à¥¤« £ âìáï ¢ ¬ â¥¬ â¨ç¥áª¨å ª­¨£ å.
�à®¢¥­ì 1. �«ï ï¢­® ãª § ­­ëå ®¡ê¥ªâ  x ¨ á¢®©áâ¢  P(x) ­ ¤®
¤®ª § âì ¨áâ¨­­®áâì P(x). � ¯à¨¬¥à, \¤®ª ¦¨â¥, çâ® bπc = 3".
� ¤ ç  âà¥¡ã¥â ¤®ª § â¥«ìáâ¢  ­¥ª®â®à®£® ¯à¥¤¯®« £ ¥¬®£®
ä ªâ .
�à®¢¥­ì 2. �«ï ï¢­® ãª § ­­ëå ¬­®¦¥áâ¢  X ¨ á¢®©áâ¢  P(x)

­ ¤® ¤®ª § âì ¨áâ¨­­®áâì P(x) ¤«ï ¢á¥å x ∈ X. � ¯à¨¬¥à, \¤®-
ª ¦¨â¥, çâ® bxc � x ¤«ï ¢á¥å ¤¥©áâ¢¨â¥«ì­ëå x". � ¤ ç  ¢­®¢ì
á®áâ®¨â ¢ ¯®¨áª¥ ¤®ª § â¥«ìáâ¢ , ª®â®à®¥ ¢ íâ®â à § ¨¬¥¥â ®¡é¨©
å à ªâ¥à. �ë à ¡®â ¥¬ ã¦¥ ­¥ á  à¨ä¬¥â¨ª®©,   á  «£¥¡à®©.
�à®¢¥­ì 3. �«ï ï¢­® ãª § ­­ëå ¬­®¦¥áâ¢  X ¨ á¢®©áâ¢  P(x)

­ ¤® ¤®ª § âì ¨«¨ ®¯à®¢¥à£­ãâì ¨áâ¨­­®áâì P(x) ¤«ï ¢á¥å x ∈ X.
� ¯à¨¬¥à, \¤®ª ¦¨â¥ ¨«¨ ®¯à®¢¥à£­¨â¥, çâ®

⌈√bxc⌉ = d√x e ¤«ï� ¤àã£¨å ¬®¨å
ª­¨£ å \¤®ª § âì
¨«¨ ®¯à®¢¥à£-
­ãâì" ¢ 99.44%
á«ãç ¥¢ ®§­ ç ¥â
â® ¦¥ á ¬®¥, çâ®
¨ \¤®ª § âì". �
¤ ­­®© ª­¨£¥ íâ®
ãâ¢¥à¦¤¥­¨¥ ­¥
®â­®á¨âáï.

¢á¥å ¤¥©áâ¢¨â¥«ì­ëå x � 0". �¤¥áì ¢ § ¤ çã ¤®¡ ¢«ï¥âáï ¤®¯®«-
­¨â¥«ì­ë© ãà®¢¥­ì ­¥®¯à¥¤¥«¥­­®áâ¨ | à¥§ã«ìâ â ¬®¦¥â ®ª -
§ âìáï ª ª â¥¬, â ª ¨ ¤àã£¨¬. �â® ¡«¨¦¥ ª à¥ «ì­ë¬ á¨âã æ¨-
ï¬, á ª®â®àë¬¨ ¯®áâ®ï­­® áâ «ª¨¢ ¥âáï ¬ â¥¬ â¨ª: ãâ¢¥à¦¤¥-
­¨ï ¢ ª­¨£ å ®¡ëç­® ¨áâ¨­­ë, ­® ¢ à¥ «ì­®© ¨áá«¥¤®¢ â¥«ìáª®©
à ¡®â¥ ª ­®¢®¬ã ­ ¤® ®â­®á¨âìáï ­¥¯à¥¤¢§ïâ®. �á«¨ ãâ¢¥à¦¤¥-
­¨¥ «®¦­®, § ¤ ç  á®áâ®¨â ¢ â®¬, çâ®¡ë ­ ©â¨ ª®­âà¯à¨¬¥à. �á-
«¨ ãâ¢¥à¦¤¥­¨¥ ¨áâ¨­­®, á«¥¤ã¥â ¤®ª § âì ¥£®, ª ª ¨ ¢ á«ãç ¥
§ ¤ ç¨ ¢â®à®£® ãà®¢­ï.
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�à®¢¥­ì 4. �«ï ï¢­® ãª § ­­ëå ¬­®¦¥áâ¢  X ¨ á¢®©áâ¢  P(x)

­ ¤® ­ ©â¨ ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ Q(x) â®£®, çâ®
P(x) ¨áâ¨­­®. � ¯à¨¬¥à, \­ ©¤¨â¥ ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥
ãá«®¢¨¥ â®£®, çâ® bxc � dxe". � ¤ ç  á®áâ®¨â ¢ â®¬, çâ®¡ë ­ ©â¨
Q, â ª®¥, çâ® P(x) ⇐⇒ Q(x). �®­¥ç­®, ¢á¥£¤  ¨¬¥¥âáï âà¨¢¨-
 «ì­ë© ®â¢¥â Q(x) = P(x), ­® § ¤ ç  ¯®¤à §ã¬¥¢ ¥â ¯®¨áª ­ -
áâ®«ìª® ¯à®áâ®£® ãá«®¢¨ï, ­ áª®«ìª® íâ® ¢®§¬®¦­®. �«ï ¯®¨áª  �® ­¥ ¯à®é¥.

| �. �©­èâ¥©­
(A. Einstein)

à ¡®â îé¥£® ¯à®áâ®£® ãá«®¢¨ï ­¥®¡å®¤¨¬® â¢®àç¥áâ¢®. (� ¯à¨-
¬¥à, ¢ ­ è¥¬ á«ãç ¥ ®â¢¥â | \bxc � dxe ⇐⇒ x ï¢«ï¥âáï æ¥«ë¬
ç¨á«®¬".) �®¯®«­¨â¥«ì­ë© í«¥¬¥­â ¨áá«¥¤®¢ ­¨ï, ­¥®¡å®¤¨¬ë©
¤«ï ¯®¨áª  Q(x), ¤¥« ¥â íâã à §­®¢¨¤­®áâì § ¤ ç ¡®«¥¥ á«®¦­®©,
­® ¨ ¡®«¥¥ â¨¯¨ç­®© ¤«ï ¬ â¥¬ â¨ª , à ¡®â îé¥£® ¢ \à¥ «ì­®©
¦¨§­¨". �ã ¨, ª®­¥ç­® ¦¥, ¤®«¦­® ¡ëâì ¤®ª § ­®, çâ® P(x) ¨á-
â¨­­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨áâ¨­­® Q(x).
�à®¢¥­ì 5. �«ï ï¢­® ãª § ­­®£® ¬­®¦¥áâ¢  X ­ ©â¨ ¨­â¥à¥-
á­®¥ ®¡é¥¥ á¢®©áâ¢® P(x) ¥£® í«¥¬¥­â®¢. �â® ®¡« áâì ç¨áâ®©
­ ãª¨, £¤¥, ¯® ¬­¥­¨î áâã¤¥­â®¢, æ à¨â ¯®«­ë© å ®á. �â® ­ -
áâ®ïé ï ¬ â¥¬ â¨ª , ª®â®àãî  ¢â®àë ãç¥¡­¨ª®¢ ªà ©­¥ à¥¤ª®
¤®¯ãáª îâ ¢ á¢®¨ ª­¨£¨. ����� �����������

� ¢ ©â¥ ¢¥à­¥¬áï ª ­ è¥¬ã ¢®¯à®áã ¨ ¯¥à¥¢¥¤¥¬ ¥£® á ãà®¢­ï
3 ­  ãà®¢¥­ì 4: ª ª®¥ ãá«®¢¨¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®-
ç­ë¬ ¤«ï â®£®, çâ®¡ë

⌈√bxc⌉ = d√x e? �ë ã¦¥ ¢ëïá­¨«¨, çâ®
à ¢¥­áâ¢® ¢ë¯®«­ï¥âáï ¯à¨ x = 3.142, ­® ­¥ ¯à¨ x = 1.618; ¤ «ì-
­¥©è¨¥ íªá¯¥à¨¬¥­âë ¯®ª §ë¢ îâ ­ ¬, çâ® ®­® ­¥ ¢ë¯®«­ï¥âáï
¨ ¯à¨ x, «¥¦ é¥¬ ¬¥¦¤ã 9 ¨ 10. �®«¥¥ â®£®, ¬®¦­® ®¡­ àã¦¨âì,
çâ® ãá«®¢¨¥ ­¥ ¢ë¯®«­ï¥âáï ¯à¨ m2 < x < m2 + 1, ¯®áª®«ìªã
¯à¨ íâ®¬ ¢ «¥¢®© ç áâ¨ ¬ë ¯®«ãç ¥¬ m,   ¢ ¯à ¢®© | m+ 1. �®
¢á¥å ¯à®ç¨å á«ãç ïå, £¤¥ ®¯à¥¤¥«¥­ √

x,   ¨¬¥­­® ¯à¨ x = 0 ¨«¨
m2 + 1 � x � (m + 1)2, ¬ë ¯®«ãç ¥¬ à ¢¥­áâ¢®. � ª¨¬ ®¡à §®¬,
¤«ï ¢ë¯®«­¥­¨ï à ¢¥­áâ¢  ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ï¢«ï¥â-
áï á«¥¤ãîé¥¥ ãá«®¢¨¥: «¨¡® x| æ¥«®¥ ç¨á«®, «¨¡®

√
bxc| ­¥

æ¥«®¥ ç¨á«®.
�«ï á«¥¤ãîé¥© § ¤ ç¨ à áá¬®âà¨¬ á­ ç «  ­®¢®¥ ã¤®¡­®¥

®¡®§­ ç¥­¨¥, ¯à¥¤«®¦¥­­®¥ �. �. �. �® à®¬ (C. A. R. Hoare) ¨
� ©«®¬ �í¬è®ã (Lyle Ramshaw), ¤«ï ¨­â¥à¢ «®¢ ¤¥©áâ¢¨â¥«ì-
­®© ¯àï¬®©: [α . . β] ®§­ ç ¥â ¬­®¦¥áâ¢® ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥«
x, â ª¨å, çâ® α � x � β. �â® ¬­®¦¥áâ¢® ­ §ë¢ ¥âáï § ¬ª­ãâë¬
¨­â¥à¢ «®¬ , ¯®áª®«ìªã ®­ ¢ª«îç ¥â ®¡¥ ª®­¥ç­ë¥ â®çª¨ α ¨ β.
�­â¥à¢ « (α . . β), ­¥ ¢ª«îç îé¨© ­¨ ®¤­®© ¨§ ª®­¥ç­ëå â®ç¥ª,
á®áâ®¨â ¨§ ¢á¥å x, â ª¨å, çâ® α < x < β; â ª®© ¨­â¥à¢ « ­ §ë-
¢ ¥âáï ®âªàëâë¬ ¨­â¥à¢ «®¬. �­â¥à¢ «ë [α . . β) ¨ (α . . β],
á®¤¥à¦ é¨¥ â®«ìª® ¯® ®¤­®© ª®­¥ç­®© â®çª¥, ®¯à¥¤¥«ïîâáï  ­ -
«®£¨ç­® ¨ ­ §ë¢ îâáï ¯®«ã®âªàëâë¬¨.

�¥áá¨¬¨áâë ­ §ë-
¢ îâ ¨å ¯®«ã§ ¬ª-
­ãâë¬¨.
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�ª®«ìª® æ¥«ëå ç¨á¥« á®¤¥à¦¨âáï ¢ â ª¨å ¨­â¥à¢ « å? �®-
«ã®âªàëâë¥ ¨­â¥à¢ «ë ¯à®é¥, â ª çâ® ­ ç­¥¬ á ­¨å. � ªâ¨-
ç¥áª¨ ¯®«ã®âªàëâë¥ ¨­â¥à¢ «ë ¯®çâ¨ ¢á¥£¤  ã¤®¡­¥¥ ®âªàëâëå
¨«¨ § ªàëâëå. � ¯à¨¬¥à, ®­¨  ¤¤¨â¨¢­ë | ¯à¨ ®¡ê¥¤¨­¥­¨¨
¯®«ã®âªàëâëå ¨­â¥à¢ «®¢ [α . . β) ¨ [β . . γ) ¯®«ãç ¥âáï ¯®«ã®â-
ªàëâë© ¨­â¥à¢ « [α . . γ). � á«ãç ¥ ®âªàëâëå ¨­â¥à¢ «®¢ íâ® ­¥
¯®«ãç ¥âáï, â ª ª ª â®çª  β ®ª §ë¢ ¥âáï ¨áª«îç¥­­®©; ¤«ï § ¬ª-
­ãâëå ¨­â¥à¢ «®¢ ¯à®¡«¥¬  ¨­ ï | â®çª  β ®ª §ë¢ ¥âáï ¢ª«î-
ç¥­­®© ¤¢ ¦¤ë.

�¥à­¥¬áï ª ­ è¥© § ¤ ç¥. �á«¨ α ¨ β| æ¥«ë¥ ç¨á« , ®â¢¥â
¯à®áâ: ¨­â¥à¢ « [α . . β) á®¤¥à¦¨â β − α æ¥«ëå ç¨á¥« α, α + 1,
. . . , β − 1 ¯à¨ ãá«®¢¨¨, çâ® α � β. �­ «®£¨ç­® ¨­â¥à¢ « (α . . β]

á®¤¥à¦¨â β−α æ¥«ëå ç¨á¥« ¯à¨ â®¬ ¦¥ ãá«®¢¨¨. �® ­ è  § ¤ ç 
¡®«¥¥ âàã¤­ ï, â ª ª ª ¯® ãá«®¢¨î α ¨ β| ¯à®¨§¢®«ì­ë¥ ¤¥©áâ-
¢¨â¥«ì­ë¥ ç¨á« . �® íâã § ¤ çã ¬®¦­® á¢¥áâ¨ ª ¡®«¥¥ ¯à®áâ®©,
¯®áª®«ìªã ¤«ï æ¥«ëå n á®£« á­® (3.7)

α � n < β ⇐⇒ dαe � n < dβe ,
α < n � β ⇐⇒ bαc < n � bβc .

�­â¥à¢ «ë á¯à ¢  ¨¬¥îâ æ¥«ë¥ ª®­¥ç­ë¥ â®çª¨ ¨ á®¤¥à¦ â
áâ®«ìª® ¦¥ æ¥«ëå ç¨á¥«, çâ® ¨ ¨­â¥à¢ «ë á«¥¢  á ¤¥©áâ¢¨â¥«ì-
­ë¬¨ ª®­¥ç­ë¬¨ â®çª ¬¨. �®íâ®¬ã ¨­â¥à¢ « [α . . β) á®¤¥à¦¨â
à®¢­® dβe − dαe æ¥«ëå ç¨á¥«,   (α . . β]| bβc − bαc. �â® ®¤¨­
¨§ á«ãç ¥¢, ª®£¤  ­ ¬ ­ ¤® ­¥ ¨§¡ ¢«ïâìáï ®â áª®¡®ª ¯®«  ¨«¨
¯®â®«ª ,  , ­ ¯à®â¨¢, ¤®¡ ¢¨âì ¨å.

�áâ â¨, ¨¬¥¥âáï ¬­¥¬®­¨ç¥áª®¥ ¯à ¢¨«® ¤«ï § ¯®¬¨­ ­¨ï,� ¬­¥¬®­¨ç¥áª¨å
¯à ¢¨« å: §­ ¥â¥,
ª ª § ¯®¬­¨âì ¯¥à-
¢ë¥ §­ ª¨ ç¨á« 
π? �­¨ á®®â¢¥â-
áâ¢ãîâ ª®«¨ç¥-
áâ¢ã ¡ãª¢ ¢ á«®-
¢ å áâ¨èª  \íâ® ï
§­ î ¨ ¯®¬­î ¯à¥-
ªà á­®, ¯¨ ¬­®£¨¥
§­ ª¨ ¬­¥ «¨è­¨,
­ ¯à á­ë".

ª®£¤  á«¥¤ã¥â ¯à¨¬¥­ïâì ¯®«ë,   ª®£¤  | ¯®â®«ª¨: ¯®«ã®âªàë-
âë¥ ¨­â¥à¢ «ë, ª®â®àë¥ ¢ª«îç îâ ­¥ ¯à ¢ãî,   «¥¢ãî ª®­¥ç­ãî
â®çªã (â ª¨¥, ª ª 0 � θ < 1), ¨á¯®«ì§ãîâáï ­¥áª®«ìª® ç é¥ â¥å,
ª®â®àë¥ ¢ª«îç îâ ¯à ¢ãî â®çªã,   ­¥ «¥¢ãî, â ª ¦¥ ª ª ¯®«ë
¨á¯®«ì§ãîâáï ç é¥ ¯®â®«ª®¢. �® ¯® § ª®­ã �íàä¨ ¯à ¢¨«® ¯à®-
â¨¢®¯®«®¦­® ®¦¨¤ ¥¬®¬ã | ¯®â®«ª¨ á®®â¢¥âáâ¢ãîâ ¨­â¥à¢ « ¬
[α . . β),   ¯®«ë | ¨­â¥à¢ « ¬ (α . . β].

�­ «®£¨ç­ë©  ­ «¨§ ¯®ª §ë¢ ¥â, çâ® § ªàëâë© ¨­â¥à¢ «
[α . . β] á®¤¥à¦¨â à®¢­® bβc − dαe + 1 æ¥«ëå ç¨á¥«,   ®âªàëâë©
¨­â¥à¢ « (α . . β)| à®¢­® dβe−bαc−1, ­® ¢ ¯®á«¥¤­¥¬ á«ãç ¥ ¬ë
­ « £ ¥¬ ¤®¯®«­¨â¥«ì­®¥ ®£à ­¨ç¥­¨¥ α 6= β, çâ®¡ë íâ  ä®à¬ã-
«  ­¥ á¬ãé «  ­ á § ï¢«¥­¨¥¬ ® â®¬, çâ® ¯ãáâ®© ¨­â¥à¢ « (α . . α)

á®¤¥à¦¨â −1 æ¥«ëå ç¨á¥«. �®¤ëâ®¦¨¬ ­ ©¤¥­­ë¥ ä ªâë:
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¨­â¥à¢ « ª®«¨ç¥áâ¢® æ¥«ëå ç¨á¥« ®£à ­¨ç¥­¨¥
[α . . β] bβc− dαe+ 1 α � β ,

[α . . β) dβe− dαe α � β ,

(α . . β] bβc− bαc α � β ,

(α . . β) dβe− bαc− 1 α < β .

(3.12)

� ¢®â § ¤ ç , ®â ª®â®à®© ¬ë ­¥ á¬®¦¥¬ ®âª § âìáï. � \�«ã¡¥
ª®­ªà¥â­®© ¬ â¥¬ â¨ª¨" ¥áâì ª §¨­® (â®«ìª® ¤«ï ¯®ªã¯ â¥«¥©
íâ®© ª­¨£¨), ¢ ª®â®à®¬ ¨¬¥¥âáï àã«¥âª  á ª®«¥á®¬ ­  âëáïçã
£­¥§¤, ¯à®­ã¬¥à®¢ ­­ëå ®â 1 ¤® 1000. �á«¨ ¯à¨ ¢à é¥­¨¨ ª®«¥-
á  ¢ë¯ ¤ ¥â ­®¬¥à n, ª®â®àë© ¤¥«¨âáï ­  ¯®« á¢®¥£® ªã¡¨ç¥áª®£®
ª®à­ï, â.¥. ¥á«¨

b 3
√
nc ∖

n ,

â® íâ® ­®¬¥à ¢ë¨£àëè­ë©, ¨ ª §¨­® ¯« â¨â ­ ¬ 5 ¤®«« à®¢;
¢ ¯à®â¨¢­®¬ á«ãç ¥ íâ® ¯à®¨£àëè­ë© ­®¬¥à, ¨ ¬ë ¯« â¨¬ 1 ¤®«-
« à ª §¨­®. (�¡®§­ ç¥­¨¥ `anb', ª®â®à®¥ ç¨â ¥âáï ª ª \a ¤¥«¨â b",
®§­ ç ¥â, çâ® b ¢ â®ç­®áâ¨ ªà â­® a; íâ® ®â­®è¥­¨¥ ¤¥â «ì­®
à áá¬ âà¨¢ ¥âáï ¢ £« ¢¥ 4.) �®¦­® «¨ \á¤¥« âì ¤¥­ì£¨", ¨£à ï �¯à®á ¢  ã¤¨â®-

à¨¨ ¤ « á«¥¤ãî-
é¨¥ à¥§ã«ìâ âë:
28 áâã¤¥­â®¢ ®âª -
§ «¨áì ¨£à âì, 13
§ å®â¥«¨ à¨áª­ãâì,
®áâ «ì­ë¥ à¥è¨-
«¨ ­¥ ®â¢¥ç âì ­ 
¢®¯à®á.

¢ ª §¨­®?
�®¦­® ¢ëç¨á«¨âì áà¥¤­¨© ¢ë¨£àëè | â.¥. áã¬¬ã, ª®â®àãî

¬ë ¢ë¨£àë¢ ¥¬ (¨«¨ â¥àï¥¬) §  ®¤­ã ¨£àã, | ¯®¤áç¨â ¢ á¯¥à¢ 
ª®«¨ç¥áâ¢® W ¢ë¨£àëè­ëå ­®¬¥à®¢ ¨ L = 1000−W ¯à®¨£àëè-
­ëå. �á«¨ ª ¦¤ë© ­®¬¥à ¢ë¯ ¤¥â ¯® ®¤­®¬ã à §ã ¢ á¥à¨¨ ¨§
1000 ¨£à, ¬ë ¢ë¨£à ¥¬ 5W ¤®«« à®¢ ¨ ¯à®¨£à ¥¬ L ¤®«« à®¢,
â ª çâ® áà¥¤­¨© ¢ë¨£àëè á®áâ ¢«ï¥â

5W − L

1000
=

5W − (1000−W)

1000
=

6W − 1000

1000
.

�á«¨ ¨¬¥¥âáï ­¥ ¬¥­¥¥ 167 ¢ë¨£àëè­ëå ­®¬¥à®¢, ¬ë ¯®«ãç ¥¬
¯à¨¡ë«ì, ¢ ¯à®â¨¢­®¬ á«ãç ¥ ¢ë¨£àë¢ ¥â ª §¨­®.

�® ª ª ¦¥ ­ ¬ ¯®¤áç¨â âì ª®«¨ç¥áâ¢® ¢ë¨£àëè­ëå ­®¬¥-
à®¢ áà¥¤¨ 1000? �¥á«®¦­® ®¡­ àã¦¨âì § ª®­®¬¥à­®áâì. �®¬¥à 
®â 1 ¤® 23 − 1 = 7 ¢ë¨£àëè­ë¥, â ª ª ª ¤«ï ª ¦¤®£® ¨§ ­¨å
b 3
√
nc = 1. �à¥¤¨ ­®¬¥à®¢ ®â 23 = 8 ¤® 33− 1 = 26 ¢ë¨£àëè­ë¬¨

ï¢«ïîâáï â®«ìª® ç¥â­ë¥ ­®¬¥à . �à¥¤¨ ­®¬¥à®¢ ®â 33 = 27 ¤®
43 − 1 = 63| â®«ìª® â¥, ª®â®àë¥ ¤¥«ïâáï ­  3, ¨ â.¤.

�¨áâ¥¬ â¨ç¥áª¨©  ­ «¨§ § ¤ ç¨ ¢®§¬®¦¥­ ¯à¨ ¯®¬®é¨ ¬¥â®-
¤®¢ áã¬¬¨à®¢ ­¨ï ¨§ £« ¢ë 2 á ¯à¨¢«¥ç¥­¨¥¬ § ¯¨á¨ �©¢¥àá®­ 
¤«ï «®£¨ç¥áª¨å ¢ëà ¦¥­¨©:
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W =

1000∑

n=1

[n| ¢ë¨£àëè­ë© ­®¬¥à] =

=
∑

1�n�1000

[b 3
√
nc∖n] =

∑

k,n

[
k= b 3

√
nc][knn][1�n� 1000] =

=
∑

k,m,n

[
k3�n< (k+ 1)3

]
[n=km][1�n� 1000] =

= 1+
∑

k,m

[
k3�km< (k+ 1)3

]
[1�k<10] =

= 1+
∑

k,m

[
m∈ [

k2 . . (k+ 1)3/k
)]
[1�k<10] =

= 1+
∑

1�k<10

(dk2 + 3k+ 3+ 1/ke− dk2e) =

= 1+
∑

1�k<10

(3k+ 4) = 1+
7+ 31

2
·9 = 172 .

�â®â ¢ë¢®¤ § á«ã¦¨¢ ¥â ¢­¨¬ â¥«ì­®£® ¨§ãç¥­¨ï.�¡à â¨â¥ ¢­¨-
¬ ­¨¥, çâ® ¢ è¥áâ®© áâà®ª¥ ¨á¯®«ì§®¢ ­  ­ è  ä®à¬ã«  (3.12)
¤«ï ª®«¨ç¥áâ¢  æ¥«ëå ç¨á¥« ¢ ¯®«ã®âªàëâ®¬ ¨­â¥à¢ «¥. �¤¨­-
áâ¢¥­­ ï \á«®¦­®áâì" á®áâ®¨â ¢ à áá¬®âà¥­¨¨ ¯à¨ ¯¥à¥å®¤¥ ®â
âà¥âì¥© áâà®ª¨ ª ç¥â¢¥àâ®© n = 1000 ª ª ®â¤¥«ì­®£® á«ãç ï.
(�¥à ¢¥­áâ¢® k3 � n < (k + 1)3 ­¥«¥£ª® ®¡ê¥¤¨­¨âì á ­¥à ¢¥­-
áâ¢®¬ 1 � n � 1000 ¯à¨ k = 10.) � ®¡é¥¬ á«ãç ¥ £à ­¨ç­ë¥
ãá«®¢¨ï | ®¤­® ¨§ ­ ¨¡®«¥¥ ªà¨â¨ç­ëå ¬¥áâ ¯à¨ à ¡®â¥ á áã¬-�®â ¨¬¥­­®!
¬ ¬¨.

� ¯®á«¥¤­¥© áâà®ª¥ ¢ëïá­ï¥âáï, çâ® W = 172; á«¥¤®¢ â¥«ì-
­®, ­ è áà¥¤­¨© ¢ë¨£àëè ¢ ®¤­®© ¨£à¥ à ¢¥­ (6·172−1000)/1000

¤®«« à ¬, â.¥. 3.2 æ¥­â . �®¦­® ®¦¨¤ âì, çâ®, á¤¥« ¢ 100 áâ ¢®ª�¤¥, ¢ë £®¢®à¨-
â¥, ­ å®¤¨âáï íâ®
ª §¨­®?

¯® ¤®«« àã, ¢ë áâ ­¥â¥ ¡®£ ç¥ ¯à¨¬¥à­® ­  3.20 ¤®«« à  (¥á«¨,
ª®­¥ç­®, ª §¨­® ­¥ á¤¥« ¥â â ª, çâ® ®¤­¨ ç¨á«  ¡ã¤ãâ ¡®«¥¥ à ¢-
­ë, ç¥¬ ¤àã£¨¥).

� ¤ ç  ® ª §¨­®, ª®â®àãî ¬ë â®«ìª® çâ® â ª ¡« £®¯®«ãç­®
à¥è¨«¨, ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à¨ãªà è¥­­ãî ¢¥àá¨î áãå®£® ¢®¯-
à®á  \áª®«ìª® æ¥«ëå ç¨á¥« n, £¤¥ 1 � n � 1000, ã¤®¢«¥â¢®àïîâ
®â­®è¥­¨î b 3

√
nc ∖ n?" � â¥¬ â¨ç¥áª¨ íâ® ¤¢  ®¤¨­ ª®¢ëå ¢®¯-

à®á . �¤­ ª® ¨­®£¤  áâ�®¨â ¯à¨ãªà á¨âì § ¤ çã. �ë ¢®á¯®«ì§®¢ -
«¨áì ¡®«¥¥ ¡®£ âë¬ á«®¢ à¥¬ (\¢ë¨£àëè­ë¥ ­®¬¥à " ¨ \¯à®¨£-
àëè­ë¥ ­®¬¥à "), çâ® ¯®¬®£«® ­ ¬ «ãçè¥ ¯®­ïâì ¯à®¨áå®¤ïé¥¥.

�¡®¡é¨¬ § ¤ çã. �à¥¤¯®«®¦¨¬, ¬ë ¨§¬¥­¨«¨ 1000 ­ 
1000000 ¨«¨ ­  ¥é¥ ¡®«ìè¥¥ ç¨á«® N (áç¨â ¥¬, çâ® ã ª §¨­® ¡®«ì-
è¨¥ á¢ï§¨, ¨ ¤®áâ âì ª®«¥á® ¯®¡®«ìè¥ ¤«ï ­¥£® ­¥ ¯à®¡«¥¬ ).
�ª®«ìª® ¢ë¨£àëè­ëå ­®¬¥à®¢ ¨¬¥¥âáï â¥¯¥àì?

� íâ®¬ á«ãç ¥ ¢¯®«­¥ ¯à¨¥¬«¥¬ë â¥ ¦¥ à ááã¦¤¥­¨ï, çâ®
¨ à ­¥¥, ­® ­ ¤® ¡ëâì ¯®®áâ®à®¦­¥¥ á á ¬ë¬ ¡®«ìè¨¬ §­ ç¥­¨-
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¥¬ k, ª®â®à®¥ ¬ë ¤«ï ã¤®¡áâ¢  ®¡®§­ ç¨¬ ª ª K:

K = b 3
√
Nc .

(� ­¥¥ K ¡ë«® à ¢­® 10.) �¡é¥¥ ª®«¨ç¥áâ¢® ¢ë¨£àëè­ëå ­®¬¥-
à®¢ ¤«ï ¯à®¨§¢®«ì­®£® N áâ ­®¢¨âáï à ¢­ë¬

W =
∑

1�k<K

(3k+ 4) +
∑
m

[
K3�Km�N

]
=

= 1
2
(7+ 3K+ 1)(K− 1) +

∑
m

[
m∈ [K2 . . N/K]

]
=

= 3
2
K2 + 5

2
K− 4+

∑
m

[
m∈ [K2 . . N/K]

]
.

�ë §­ ¥¬, çâ® ®áâ ¢è ïáï áã¬¬  à ¢­  bN/Kc − dK2e + 1 =

bN/Kc− K2 + 1; á«¥¤®¢ â¥«ì­®, ä®à¬ã« 

W = bN/Kc+ 1
2
K2 + 5

2
K− 3 , K = b 3

√
Nc (3.13)

¤ ¥â ®¡é¨© ®â¢¥â ¤«ï ª®«¥á  á N £­¥§¤ ¬¨.
�¥à¢ë¥ ¤¢  ç«¥­  íâ®© ä®à¬ã«ë ¯à¨¡«¨¦¥­­® à ¢­ë N2/3+

1
2
N2/3 = 3

2
N2/3,   ®áâ «ì­ë¥ ç«¥­ë ¯à¨ ¡®«ìè®¬ N ®ª §ë¢ îâáï

£®à §¤® ¬¥­ìè¨¬¨. � £« ¢¥ 9 ¬ë ­ ãç¨¬áï ¢ë¢®¤¨âì ¢ëà ¦¥­¨ï
­ ¯®¤®¡¨¥

W = 3
2
N2/3 +O(N1/3) ,

£¤¥ O(N1/3) ®§­ ç ¥â ¢¥«¨ç¨­ã, ­¥ ¯à¥¢®áå®¤ïéãî ­¥ª®â®à®©
ª®­áâ ­âë, ã¬­®¦¥­­®© ­  N1/3. � ª®© ¡ë ­¨ ¡ë«  ª®­áâ ­-
â , ¬ë §­ ¥¬, çâ® ®­  ­¥ § ¢¨á¨â ®â N; â ª çâ® ¯à¨ ¡®«ìè®¬ N

¢ª« ¤ O-ç«¥­  ¢ W ¡ã¤¥â ¬ « ¯® áà ¢­¥­¨î á 3
2
N2/3. � ¯à¨-

¬¥à, ¢ á«¥¤ãîé¥© â ¡«¨æ¥ ¯®ª § ­®, ­ áª®«ìª® §­ ç¥­¨ï 3
2
N2/3

¡«¨§ª¨ ª §­ ç¥­¨ï¬ W:

N 3
2
N2/3 W �®£à¥è­®áâì, %

1 000 150.0 172 12.791

10 000 696.2 746 6.670

100 000 3231.7 3343 3.331

1 000 000 15000.0 15247 1.620

10 000 000 69623.8 70158 0.761

100 000 000 323165.2 324322 0.357

1 000 000 000 1500000.0 1502497 0.166

�¯®«­¥ ­®à¬ «ì­®¥ ¯à¨¡«¨¦¥­¨¥.
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�à¨¡«¨¦¥­­ë¥ ä®à¬ã«ë ¯®«¥§­ë ¯®áâ®«ìªã, ¯®áª®«ìªã ®­¨
¯à®é¥ ä®à¬ã« á ¯®« ¬¨ ¨ ¯®â®«ª ¬¨. �¤­ ª® § ç áâãî ¢ ¦-
­   ¡á®«îâ­ ï â®ç­®áâì, ¢ ®á®¡¥­­®áâ¨ ¯à¨ ¬ «ëå §­ ç¥­¨ïå N,
á ª®â®àë¬¨ ®¡ëç­® ¯à¨å®¤¨âáï ¨¬¥âì ¤¥«® ­  ¯à ªâ¨ª¥. � -
¯à¨¬¥à, ¢« ¤¥«¥æ ª §¨­® ¬®¦¥â ®¯à®¬¥âç¨¢® ¯à¥¤¯®«®¦¨âì, çâ®
¯à¨ N = 1000 ¨¬¥¥âáï â®«ìª® 3

2
N2/3 = 150 ¢ë¨£àëè­ëå ­®¬¥à®¢

(¢ íâ®¬ á«ãç ¥ ¤®å®¤ ª §¨­® á®áâ ¢¨« ¡ë 10 æ¥­â®¢).
� ¢¥àè¨¬ à §¤¥« à áá¬®âà¥­¨¥¬ â ª ­ §ë¢ ¥¬ëå á¯¥ªâà®¢.

�¯à¥¤¥«¨¬ á¯¥ªâà ¤¥©áâ¢¨â¥«ì­®£® ç¨á«  α ª ª ¡¥áª®­¥ç­®¥
¬ã«ìâ¨¬­®¦¥áâ¢® æ¥«ëå ç¨á¥«

Spec(α) = fbαc, b2αc, b3αc, . . . g .

(�ã«ìâ¨¬­®¦¥áâ¢® | íâ® â® ¦¥ á ¬®¥, çâ® ¨ ¬­®¦¥áâ¢®, ­® ®­®
¬®¦¥â á®¤¥à¦ âì ¯®¢â®àïîé¨¥áï í«¥¬¥­âë.) � ¯à¨¬¥à, á¯¥ªâà
1/2 ­ ç¨­ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: f0, 1, 1, 2, 2, 3, 3, . . . g.

�¥£ª® ¤®ª § âì, çâ® ¤¢ãå ®¤¨­ ª®¢ëå á¯¥ªâà®¢ ­¥ áãé¥áâ¢ã-
¥â, â.¥. ¨§ α 6= β á«¥¤ã¥â Spec(α) 6= Spec(β). �à¥¤¯®«®¦¨¬ ¡¥§
¯®â¥à¨ ®¡é­®áâ¨, çâ® α < β. �ãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì­®¥. . . ¡¥§ ­ å®¦¤¥­¨ï

®¡é­®áâ¨. . . æ¥«®¥ ç¨á«® m, çâ® m(β− α) � 1. (� ¤¥©áâ¢¨â¥«ì­®áâ¨ â ª®¢ë¬
ï¢«ï¥âáï «î¡®¥ æ¥«®¥ m � d1/(β − α)e; ­® ­¥ ¡ã¤¥¬ ¯®áâ®ï­-
­® å¢ áâ âì ­ è¨¬ §­ ­¨¥¬ ¯®«®¢ ¨ ¯®â®«ª®¢.) �«¥¤®¢ â¥«ì­®,
mβ−mα � 1 ¨ bmβc > bmαc. � ª¨¬ ®¡à §®¬, Spec(β) á®¤¥à¦¨â
¬¥­¥¥ m í«¥¬¥­â®¢ � bmαc, ¢ â® ¢à¥¬ï ª ª Spec(α) á®¤¥à¦¨â ¨å
ª ª ¬¨­¨¬ã¬ m.

�¯¥ªâàë ®¡« ¤ îâ àï¤®¬ ªà á¨¢ëå á¢®©áâ¢. � áá¬®âà¨¬,\�á«¨ x ¥áâì ­¥-
ª®â®à®¥ ¨àà æ¨-
®­ «ì­®¥ ç¨á«®,
¬¥­ìè¥¥ ¥¤¨­¨æë,
â® ¬®¦­® ¢§ïâì
®¤¨­ ¨§ ¤¢ãå àï-
¤®¢ ¢¥«¨ç¨­ m/x ,
m/(1 − x) , £¤¥
m | æ¥«®¥ ç¨á-
«®; ª ¦¤®¥ ç¨á«®,
¯à¨­ ¤«¥¦ é¥¥
ª â®¬ã ¨«¨ ¨­®-
¬ã àï¤ã, ¨ â®«ìª®
®­® ®¤­®, ¡ã¤¥â
§ ª«îç¥­® ¬¥¦-
¤ã «î¡ë¬¨ ¤¢ã¬ï
§ ¤ ­­ë¬¨ ¯®á«¥-
¤®¢ â¥«ì­ë¬¨ ç¨á-
« ¬¨".

| �í«¥©
(Rayleigh) [304]

­ ¯à¨¬¥à, ¬ã«ìâ¨¬­®¦¥áâ¢ 

Spec(
√
2 ) =

= f1, 2, 4, 5, 7, 8, 9, 11, 12, 14, 15, 16, 18, 19, 21, 22, 24, . . . g ,
Spec(2+

√
2 ) =

= f3, 6, 10, 13, 17, 20, 23, 27, 30, 34, 37, 40, 44, 47, 51, . . . g .

�¯¥ªâà Spec(
√
2 ) «¥£ª® ¢ëç¨á«¨âì ­  ª «ìªã«ïâ®à¥,   n-© í«¥-

¬¥­â á¯¥ªâà  Spec(2 +
√
2 ) á®£« á­® (3.6) à®¢­® ­  2n ¡®«ìè¥

n-£® í«¥¬¥­â  á¯¥ªâà  Spec(
√
2 ). �®«¥¥ ¢­¨¬ â¥«ì­®¥ à áá¬®-

âà¥­¨¥ ¯®ª §ë¢ ¥â, çâ® íâ¨ ¤¢  á¯¥ªâà  á¢ï§ ­ë £®à §¤® ¡®«¥¥
ã¤¨¢¨â¥«ì­ë¬ ®¡à §®¬: ¯®å®¦¥, çâ® «î¡®¥ ç¨á«®, ª®â®à®£® ­¥â
¢ ®¤­®¬ á¯¥ªâà¥, ¨¬¥¥âáï ¢ ¤àã£®¬, ­® ­¨ª ª®¥ ç¨á«® ­¥ á®¤¥à-
¦¨âáï ®¤­®¢à¥¬¥­­® ¢ ®¡®¨å á¯¥ªâà å! � íâ® ­  á ¬®¬ ¤¥«¥ â ª:
¯®«®¦¨â¥«ì­ë¥ æ¥«ë¥ ç¨á«  ¯à¥¤áâ ¢«ïîâ á®¡®© ®¡ê¥¤¨­¥­¨¥
­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢ Spec(

√
2 ) ¨ Spec(2 +

√
2 ). �®¢®àïâ,

çâ® íâ¨ á¯¥ªâàë ®¡à §ãîâ à §¡¨¥­¨¥ (partition) ¯®«®¦¨â¥«ì­ëå
æ¥«ëå ç¨á¥«.
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�«ï ¤®ª § â¥«ìáâ¢  íâ®£® ä ªâ  ¯®¤áç¨â ¥¬, áª®«ìª® í«¥-
¬¥­â®¢ ¢ ¬­®¦¥áâ¢¥ Spec(

√
2 ) ­¥ ¯à¥¢ëè îâ n ¨ áª®«ìª® â ª¨å

¦¥ í«¥¬¥­â®¢ ¢ ¬­®¦¥áâ¢¥ Spec(2 +
√
2 ). �á«¨ ¤«ï «î¡®£® n

¢ áã¬¬¥ ¨å ®ª ¦¥âáï n, â® íâ¨ ¤¢  á¯¥ªâà  ¨ ¢ á ¬®¬ ¤¥«¥ ®¡à - �¥à­®: ¯à¨ ¢®§-
à áâ ­¨¨ n ­  1
¤®«¦­® ¢®§à á-
â âì â®«ìª® ®¤­®
¨§ íâ¨å ç¨á¥«.

§ãîâ à §¡¨¥­¨¥ ¢á¥å æ¥«ëå ¯®«®¦¨â¥«ì­ëå ç¨á¥«.
�ãáâì α ¯®«®¦¨â¥«ì­®. �®«¨ç¥áâ¢® í«¥¬¥­â®¢ ¢ Spec(α),

â ª¨å, çâ® ®­¨ � n, à ¢­®

N(α,n) =
∑

k>0

[bkαc�n
]
=

=
∑

k>0

[bkαc<n+ 1
]
=

=
∑

k>0

[kα<n+ 1] =

=
∑

k

[
0<k< (n+ 1)/α

]
=

= d(n+ 1)/αe− 1 . (3.14)

�¢  ¬®¬¥­â  ¢ íâ®¬ ¢ë¢®¤¥ ®á®¡¥­­® ¨­â¥à¥á­ë. �®-¯¥à¢ëå,
¢ ­¥¬ ¤«ï § ¬¥­ë `�' ­  `<' ¨á¯®«ì§ã¥âáï ¯à ¢¨«®

m � n ⇐⇒ m < n+ 1 , m ¨ n| æ¥«ë¥, (3.15)

â ª çâ® ¢ á®®â¢¥âáâ¢¨¨ á (3.7) ¬®¦­® ã¡à âì áª®¡ª¨ ¯®« . �®-
¢â®àëå, ¨ íâ® ¡®«¥¥ â®­ª¨© ¬®¬¥­â, áã¬¬¨à®¢ ­¨¥ ¢ë¯®«­ï¥âáï
¯® ¢á¥¬ k > 0,   ­¥ k � 1, ¯®áª®«ìªã ¢¥«¨ç¨­  (n + 1)/α ¬®¦¥â
¡ëâì ¬¥­ìè¥ 1 ¯à¨ ®¯à¥¤¥«¥­­ëå n ¨ α. �á«¨ ¯®¯ëâ âìáï ¯à¨¬¥-
­¨âì (3.12) ¤«ï ®¯à¥¤¥«¥­¨ï ª®«¨ç¥áâ¢  æ¥«ëå ç¨á¥« ¢ ¨­â¥à¢ «¥
[1 . . (n+1)/α), ¢ ®â«¨ç¨¥ ®â ª®«¨ç¥áâ¢  æ¥«ëå ç¨á¥« ¢ ¨­â¥à¢ «¥
(0 . . (n+1)/α), â® ¯®«ãç¨âáï ¢¥à­ë© ®â¢¥â, ­® ¢ë¢®¤ ¯à¨ íâ®¬ ®ª -
¦¥âáï ­¥¢¥à¥­ ¢ á¨«ã ­¥á®¡«î¤¥­¨ï ãá«®¢¨© ¥£® ¯à¨¬¥­¨¬®áâ¨.

�â ª, ã ­ á ¥áâì ä®à¬ã«  ¤«ï N(α,n). �¥¯¥àì ¬®¦­® ¯à®¢¥-
à¨âì, ®¡à §ãîâ «¨ Spec(

√
2 ) ¨ Spec(2 +

√
2 ) à §¡¨¥­¨¥ ¯®«®¦¨-

â¥«ì­ëå æ¥«ëå ç¨á¥«, ¯ãâ¥¬ ¯à®¢¥àª¨, ¢ë¯®«­ï¥âáï «¨ á®®â­®-
è¥­¨¥ N(

√
2, n) +N(2 +

√
2, n) = n ¤«ï ¢á¥å æ¥«ëå ç¨á¥« n > 0,

¨á¯®«ì§ãï ¤«ï íâ®£® (3.14):

⌈
n+ 1√

2

⌉
− 1+

⌈
n+ 1

2+
√
2

⌉
− 1 = n

⇐⇒
⌊
n+ 1√

2

⌋
+

⌊
n+ 1

2+
√
2

⌋
= n á®£« á­® (3.2),
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⇐⇒ n+ 1√
2

−

{
n+ 1√

2

}
+

+
n+ 1

2+
√
2
−

{
n+ 1

2+
√
2

}
= n á®£« á­® (3.8).

�á¥ ã¯à®é ¥âáï ¡« £®¤ àï ¨§ïé­®¬ã à ¢¥­áâ¢ã
1√
2
+

1

2+
√
2

= 1 ,

â ª çâ® ­ è¥ ãá«®¢¨¥ á¢®¤¨âáï ª ¯à®¢¥àª¥, ¢¥à­® «¨, çâ®
{
n+ 1√

2

}
+

{
n+ 1

2+
√
2

}
= 1

¤«ï ¢á¥å n > 0. � íâ® ¢¥à­®, ¯®â®¬ã çâ® ¯¥à¥¤ ­ ¬¨ ¤à®¡­ë¥
ç áâ¨ ­¥æ¥«ëå ç¨á¥«, ª®â®àë¥ ¢ áã¬¬¥ ¤ îâ æ¥«®¥ ç¨á«® n + 1.
�­ ç¨â, ¬ë ¤¥©áâ¢¨â¥«ì­® ¨¬¥¥¬ ¤¥«® á à §¡¨¥­¨¥¬.

3.3 �¥ªãàà¥­â­®áâ¨ á ¯®«®¬ ¨ ¯®â®«ª®¬
�®«ë ¨ ¯®â®«ª¨ ¤®¡ ¢«ïîâ ­®¢®¥ ¨­â¥à¥á­®¥ ¨§¬¥à¥­¨¥

¢ ¨§ãç¥­¨¥ à¥ªãàà¥­â­ëå á®®â­®è¥­¨©. � ¢ ©â¥ ¤«ï ­ ç «  à á-
á¬®âà¨¬ à¥ªãàà¥­â­®áâì

K0 = 1 ;
Kn+1 = 1 + min(2Kbn/2c, 3Kbn/3c) ¯à¨ n � 0.

(3.16)

� ª, ­ ¯à¨¬¥à, K1 à ¢­® 1+min(2K0, 3K0) = 3,   ­ ç «® ¯®á«¥¤®-
¢ â¥«ì­®áâ¨ ¨¬¥¥â ¢¨¤ 1, 3, 3, 4, 7, 7, 7, 9, 9, 10, 13, . . . . �¤¨­ ¨§
 ¢â®à®¢ íâ®© ª­¨£¨ á ¯à¨áãé¥© ¥¬ã áªà®¬­®áâìî à¥è¨« ­ §¢ âì
íâ¨ ç¨á«  ç¨á« ¬¨ �­ãâ .

� ã¯à. 25 âà¥¡ã¥âáï ¤®ª § âì ¨«¨ ®¯à®¢¥à£­ãâì, çâ® Kn � n

¯à¨ ¢á¥å n � 0. �¥à¢ë¥ ­¥áª®«ìª® ¯¥à¥ç¨á«¥­­ëå ç¨á¥« K ã¤®-
¢«¥â¢®àïîâ íâ®¬ã ­¥à ¢¥­áâ¢ã, â ª çâ®, ¯®å®¦¥, ®­® ¬®¦¥â ¢ë-
¯®«­ïâìáï ¨ ¢ ®¡é¥¬ á«ãç ¥. � ¢ ©â¥ ¯®¯à®¡ã¥¬ ¤®ª § âì ¥£®
¯® ¨­¤ãªæ¨¨. � §  ¨­¤ãªæ¨¨ ¯à¨ n = 0 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â
¨§ ®¯à¥¤¥«¥­¨ï à¥ªãàà¥­â­®áâ¨. �«ï è £  ¨­¤ãªæ¨¨ ¯à¥¤¯®«®-
¦¨¬, çâ® ­¥à ¢¥­áâ¢® ¢ë¯®«­ï¥âáï ¤«ï ¢á¥å §­ ç¥­¨© ¤® ­¥ª®-
â®à®£® ä¨ªá¨à®¢ ­­®£® ­¥®âà¨æ â¥«ì­®£® n, ¨ ¯®¯ëâ ¥¬áï ¯®ª -
§ âì, çâ® Kn+1 � n + 1. �§ à¥ªãàà¥­â­®£® á®®â­®è¥­¨ï ­ ¬ ¨§-
¢¥áâ­®, çâ® Kn+1 = 1+min(2Kbn/2c, 3Kbn/3c). �¨¯®â¥§  ¨­¤ãªæ¨¨
£« á¨â, çâ® 2Kbn/2c � 2bn/2c ¨ 3Kbn/3c � 3bn/3c. �¤­ ª® 2bn/2c
¬®¦¥â ¡ëâì à ¢­ë¬ á ¬®¥ ¬¥­ìè¥¥ n − 1,   3bn/3c ¬®¦¥â ¡ëâì
à ¢­ë¬ á ¬®¥ ¬¥­ìè¥¥ n−2. � ¬®¥ ¡®«ìè¥¥, çâ® ­ ¬ ã¤ ¥âáï § -
ª«îç¨âì ¨§ £¨¯®â¥§ë ¨­¤ãªæ¨¨, | íâ® â®, çâ® Kn+1 � 1+(n−2),
­® íâ®£® çãâì-çãâì ­¥ å¢ â ¥â ¤® Kn+1 � n+ 1.
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�¥¯¥àì ã ­ á ¥áâì ¯à¨ç¨­ë ãá®¬­¨âìáï ¢ ¢¥à­®áâ¨ ­¥à ¢¥­-
áâ¢  Kn � n, â ª çâ® ¤ ¢ ©â¥ ¯®¯à®¡ã¥¬ ¥£® ®¯à®¢¥à£­ãâì. �á«¨
­ ¬ ã¤ áâáï ­ ©â¨ â ª®¥ n, çâ® «¨¡® 2Kbn/2c < n, «¨¡® 3Kbn/3c <
n, | ¤àã£¨¬¨ á«®¢ ¬¨, â ª®¥, çâ®

Kbn/2c < n/2 ¨«¨ Kbn/3c < n/3 ,

â® ¬ë ¯®«ãç¨¬ Kn+1 < n+ 1. �®§¬®¦­® «¨ íâ®? �â¢¥â ¬ë ¯®ª 
çâ® ­¥ ¤ ¤¨¬, çâ®¡ë ­¥ ¯®àâ¨âì ¢¯¥ç â«¥­¨¥ ®â ã¯à. 25.

�¥ªãàà¥­â­ë¥ á®®â­®è¥­¨ï á ¯®« ¬¨ ¨/¨«¨ ¯®â®«ª ¬¨ ç áâ®
¢®§­¨ª îâ ¢ ¨­ä®à¬ â¨ª¥; íâ® á¢ï§ ­® á â¥¬, çâ® ¬ áá   «£®à¨â-
¬®¢ ®á­®¢ ­  ­  ¯à¨­æ¨¯¥ \à §¤¥«ï© ¨ ¢« áâ¢ã©", ª®â®àë¥ ç áâ®
á¢®¤ïâ § ¤ çã à §¬¥à  n ª à¥è¥­¨î  ­ «®£¨ç­ëå § ¤ ç ¬¥­ìè¨å
à §¬¥à®¢, ï¢«ïîé¨åáï ¤®«ï¬¨ n. � ¯à¨¬¥à, ®¤¨­ ¨§ á¯®á®¡®¢
®âá®àâ¨à®¢ âì n § ¯¨á¥© (£¤¥ n > 1) á®áâ®¨â ¢ à §¤¥«¥­¨¨ ¨å ­ 
¤¢¥ ¯à¨¬¥à­® à ¢­ë¥ ç áâ¨, ®¤­ã | à §¬¥à®¬ dn/2e ¨ ¢â®àãî |
à §¬¥à®¬ bn/2c. (�¥¦¤ã ¯à®ç¨¬, ä®à¬ã« 

n = dn/2e+ bn/2c (3.17)

ç áâ® ®ª §ë¢ ¥âáï ®ç¥­ì ªáâ â¨ ¯à¨ à¥è¥­¨¨ â ª®£® à®¤  § ¤ ç.)
�®á«¥ â®£®, ª ª ª ¦¤ ï ¨§ ç áâ¥© ®âá®àâ¨à®¢ ­  ¯® ®â¤¥«ì­®áâ¨
(â¥¬ ¦¥ à¥ªãàá¨¢­® ¯à¨¬¥­¥­­ë¬ ¬¥â®¤®¬), ¨å ¬®¦­® ®¡ê¥¤¨-
­¨âì ¢ âà¥¡ã¥¬®¬ ¯®àï¤ª¥, ¢ë¯®«­ïï ­¥ ¡®«¥¥ n − 1 áà ¢­¥­¨©.
� ª¨¬ ®¡à §®¬, ®¡é¥¥ ª®«¨ç¥áâ¢® áà ¢­¥­¨© ­¥ ¯à¥¢ëè ¥â f(n),
£¤¥

f(1) = 0 ,

f(n) = f(dn/2e) + f(bn/2c) + n− 1 ¯à¨ n > 1.
(3.18)

�¥è¥­¨¥ íâ®© à¥ªãàà¥­â­®áâ¨ ¯à¨¢®¤¨âáï ¢ ã¯à. 34.
� ¤ ç  �®á¨ä  ¨§ £« ¢ë 1 á®¤¥à¦¨â ¯®¤®¡­ãî à¥ªãàà¥­â-

­®áâì, ª®â®àãî ¬®¦­® ¯à¨¢¥áâ¨ ª ¢¨¤ã

J(1) = 1 ;
J(n) = 2J(bn/2c) − (−1)n ¯à¨ n > 1.

�¥¯¥àì ¬ë ã¦¥ ®á­ é¥­ë £®à §¤® ¡�®«ìè¨¬ ª®«¨ç¥áâ¢®¬ ¬¥-
â®¤®¢ ¯® áà ¢­¥­¨î á £« ¢®© 1, â ª çâ® ¤ ¢ ©â¥ à áá¬®âà¨¬ ¡®«¥¥
¯à¨¡«¨¦¥­­ãî ª à¥ «ì­®áâ¨ § ¤ çã �®á¨ä , ¢ ª®â®à®© ã¡¨¢ îâ
ª ¦¤®£® âà¥âì¥£®,   ­¥ ¢â®à®£®. �á«¨ ¯à¨¬¥­¨âì ¬¥â®¤ë ¨§ £« -
¢ë 1 ª íâ®© ¡®«¥¥ á«®¦­®© § ¤ ç¥, â® ¬ë ¯à¨¤¥¬ ª à¥ªãàà¥­â­®-
áâ¨ ¢¨¤ 

J3(n) =
(⌈

3
2
J3
(b2

3
nc)+ an

⌉
mod n

)
+ 1 ,
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£¤¥ `mod' | íâ® äã­ªæ¨ï, á ª®â®à®© ¬ë ¢áª®à¥ ¯®§­ ª®¬¨¬áï,
  an = −2, +1 ¨«¨ −1

2
á®®â¢¥âáâ¢¥­­® ¯à¨ n mod 3 = 0, 1 ¨«¨ 2.

�® ­  íâã à¥ªãàà¥­â­®áâì áâà è­® ¤ ¦¥ á¬®âà¥âì, ­¥ â® çâ® ¥¥
à¥è âì.

�áâì ¨ ¤àã£®© ¯®¤å®¤ ª § ¤ ç¥ �®á¨ä , ª®â®àë© ¯à¨¢®¤¨â
ª ¡®«¥¥ ¡« £®¯à¨ïâ­®© á¨âã æ¨¨. �áïª¨© à §, ª®£¤  áç¥â ¯à®¯ã-
áª ¥â ç¥«®¢¥ª , ®áâ ¢«ïï ¥£® ­  íâ®¬ ªàã£¥ ¢ ¦¨¢ëå, ¥¬ã ¬®¦­®
¯à¨á¢ ¨¢ âì ­®¢ë© ­®¬¥à. � ª¨¬ ®¡à §®¬, 1-© ¨ 2-© ç¥«®¢¥ª áâ -
­®¢ïâáï n+ 1-¬ ¨ n+ 2-¬, § â¥¬ 3-£® ª §­ïâ; 4-© ¨ 5-© áâ ­®¢ïâáï
n+3-¬ ¨ n+4-¬, § â¥¬ 6-£® ª §­ïâ; . . . ; 3k+1-© ¨ 3k+2-© áâ ­®-
¢ïâáï n+2k+1-¬ ¨ n+2k+2-¬, § â¥¬ 3k+3-£® ª §­ïâ; . . . ; § â¥¬
3n-£® ª §­ïâ (¨«¨ ®­ ®áâ ¥âáï ¢ ¦¨¢ëå). � ¯à¨¬¥à, ¯à¨ n = 10

¯¥à¥­ã¬¥à æ¨ï ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

1 2 3 4 5 6 7 8 9 10

11 12 13 14 15 16 17

18 19 20 21 22

23 24 25

26 27

28

29

30

� §­¨¬ë© k-¬ ç¥«®¢¥ª ¯à¥ªà é ¥â áãé¥áâ¢®¢ ­¨¥ ¢¬¥áâ¥ á ­®¬¥-
à®¬ 3k. � ª çâ® ¬®¦­® ¢ë¢¥áâ¨, ªâ® á¯ á¥âáï, ¥á«¨ ®¯à¥¤¥«¨âì
¨áå®¤­ë© ­®¬¥à ç¥«®¢¥ª  á ­®¬¥à®¬ 3n.

�á«¨ N > n, â® ¦¥àâ¢  á ­®¬¥à®¬ N ¤®«¦­  ¡ë«  ¨¬¥âì
­¥ª®â®àë© ¯à¥¤ë¤ãé¨© ­®¬¥à, ­ ©â¨ ª®â®àë© ¬®¦­® á«¥¤ãî-
é¨¬ ®¡à §®¬: ¯®áª®«ìªã N = n + 2k + 1 ¨«¨ N = n + 2k + 2, â®
k = b(N−n−1)/2c. �à¥¤ë¤ãé¨© ­®¬¥à ¡ë« á®®â¢¥âáâ¢¥­­® 3k+1

¨«¨ 3k + 2. �® ¥áâì ®­ ¡ë« à ¢¥­ 3k + (N − n − 2k) = k +N − n.
�«¥¤®¢ â¥«ì­®, ­®¬¥à á¯ áè¥£®áï J3(n) ¬®¦­® ¢ëç¨á«¨âì á«¥¤ã-
îé¨¬ ®¡à §®¬:

N := 3n ;

¯®ª  N > n, ¢ë¯®«­ïâì N :=
⌊
N− n− 1

2

⌋
+N− n ;

J3(n) := N.

�â® ­¥  ­ «¨â¨ç¥áª ï § ¯¨áì J3(n) ¨ ¤ ¦¥ ­¥ à¥ªãàà¥­â­®¥ á®®â-\Not too slow,
not too fast".

| �. �à¬áâà®­£
(L. Armstrong)

­®è¥­¨¥. �® ª ª ¬¨­¨¬ã¬ íâ®  «£®à¨â¬, ª®â®àë© ¯à¨ ¡®«ìè®¬ n

¯®§¢®«ï¥â ¤®áâ â®ç­® ¡ëáâà® ¯®«ãç¨âì ¨­â¥à¥áãîé¨© ­ á ®â¢¥â.
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� áç áâìî, ¨¬¥¥âáï ¢®§¬®¦­®áâì ã¯à®é¥­¨ï íâ®£®  «£®à¨â-
¬  ¯ãâ¥¬ ¨á¯®«ì§®¢ ­¨ï ¯¥à¥¬¥­­®© D = 3n + 1 − N ¢¬¥áâ® N.
(�â® ¨§¬¥­¥­¨¥ á®®â¢¥âáâ¢ã¥â ¯à¨á¢®¥­¨î ­®¬¥à®¢, ã¬¥­ìè î-
é¨åáï ®â 3n ¤® 1 ¢¬¥áâ® ã¢¥«¨ç¨¢ îé¨åáï ®â 1 ¤® 3n.) �®£¤ 
ãá«®¦­¥­­®¥ ¯à ¢¨«® ¯à¨á¢®¥­¨ï §­ ç¥­¨© N ¯à¨®¡à¥â ¥â ¢¨¤

D := 3n+1−

(⌊
(3n+1−D)−n−1

2

⌋
+(3n+1−D)−n

)
=

= n+D−

⌊
2n−D

2

⌋
= D−

⌊
−D

2

⌋
= D+

⌈
D

2

⌉
=

⌈
3
2
D
⌉
,

¨  «£®à¨â¬ ¬®¦­® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

D := 1 ;
¯®ª  D � 2n, ¢ë¯®«­ïâì D :=

⌈
3
2
D
⌉

;
J3(n) := 3n+ 1−D .

�£ ! �â® ã¦¥ £®à §¤® «ãçè¥, â ª ª ª n ®ç¥­ì ¯à®áâ® ¢å®¤¨â ¢ ¢ë-
ç¨á«¥­¨ï. � ªâ¨ç¥áª¨, ¯à¨ ¯®¬®é¨  ­ «®£¨ç­ëå à ááã¦¤¥­¨©
¬®¦­® ¯®ª § âì, çâ® ¥á«¨ ã­¨çâ®¦ ¥âáï ª ¦¤ë© q-© ç¥«®¢¥ª, â®
­®¬¥à ãæ¥«¥¢è¥£® Jq(n) ¬®¦­® ¢ëç¨á«¨âì á«¥¤ãîé¨¬ ®¡à §®¬:

D := 1 ;
¯®ª  D � (q− 1)n, ¢ë¯®«­ïâì D :=

⌈
q

q−1
D
⌉

; (3.19)
Jq(n) := qn+ 1−D .

� á«ãç ¥ q = 2, ª®â®àë© å®à®è® ­ ¬ §­ ª®¬, D à áâ¥â ¤® 2m+1 �­ ª®¬  «¨ ¢ ¬
â ª ¦¥ å®à®è®
®æ¥­ª  2?

¯à¨ n = 2m+l; á«¥¤®¢ â¥«ì­®, J2(n) = 2(2m+l)+1−2m+1 = 2l+1.
�â«¨ç­®.

� (3.19) ¢ëç¨á«ï¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì æ¥«ëå ç¨á¥«, ª®â®-
à ï ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­  ¯à¨ ¯®¬®é¨ á«¥¤ãîé¥£® à¥ªãàà¥­â-
­®£® á®®â­®è¥­¨ï:

D
(q)
0 = 1 ;

D(q)
n =

⌈ q

q− 1
D

(q)
n−1

⌉
¯à¨ n > 0.

(3.20)

�¥¯®å®¦¥, çâ®¡ë íâ¨ ç¨á«  ¡ë«¨ ª ª-â® á¢ï§ ­ë á ¨§¢¥áâ­ë¬¨
äã­ªæ¨ï¬¨ ¯à®áâë¬ ®¡à §®¬, §  ¨áª«îç¥­¨¥¬ q = 2; á«¥¤®¢ -
â¥«ì­®, ¢àï¤ «¨ ã¤ áâáï ­ ©â¨ ¤«ï ­¨å ¯à¨¥¬«¥¬ãî  ­ «¨â¨-
ç¥áªãî § ¯¨áì. �® ¥á«¨ ¯à¨­ïâì ¯®á«¥¤®¢ â¥«ì­®áâì D

(q)
n ª ª

\¨§¢¥áâ­ãî", â® à¥è¥­¨¥ ®¡®¡é¥­­®© § ¤ ç¨ �®á¨ä  ®ç¥­ì «¥£ª®

\�§¢¥áâ­ãî", ª ª,
­ ¯à¨¬¥à, £ à¬®-
­¨ç¥áª¨¥ ç¨á« .
�. �. �¤«ë¦ª®
(A. M. Odlyzko)
¨ �. �. �¨«ìä
(H. S. Wilf) ¯®ª -
§ «¨ [283], çâ®
D

(3)
n = b( 3

2
)nCc ,

£¤¥
C � 1.622270503.

®¯¨á âì: ­®¬¥à á¯ áè¥£®áï Jq(n) à ¢¥­ qn + 1 − D
(q)
k , £¤¥ k|

­ ¨¬¥­ìè¥¥ ¢®§¬®¦­®¥ ç¨á«®, â ª®¥, çâ® D
(q)
k > (q− 1)n.
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3.4 `MOD': ¡¨­ à­ ï ®¯¥à æ¨ï
�á«¨ m ¨ n| æ¥«ë¥ ¯®«®¦¨â¥«ì­ë¥ ç¨á« , â® ç áâ­®¥

®â ¤¥«¥­¨ï n ­  m à ¢­® bn/mc. �®«¥§­® ¢¢¥áâ¨ ¯à®áâ®¥ ®¡®§­ -
ç¥­¨¥ ¨ ¤«ï ®áâ âª  ®â íâ®£® ¤¥«¥­¨ï. �¡®§­ ç¨¬ ¥£® `n mod m'.
�á­®¢­ ï ä®à¬ã« 

n = m bn/mc︸ ︷︷ ︸
ç áâ­®¥

+ n mod m︸ ︷︷ ︸
®áâ â®ª

£« á¨â, çâ® ¬®¦­® ¢ëà §¨âì n mod m ª ª n −mbn/mc. �®¦­®
®¡®¡é¨âì íâã ä®à¬ã«ã ¨ ­  ®âà¨æ â¥«ì­ë¥ æ¥«ë¥ ç¨á« ,   ä ª-
â¨ç¥áª¨ ¨ ­  ¯à®¨§¢®«ì­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á« :

x mod y = x − ybx/yc ¯à¨ y 6= 0. (3.21)

�¥¬ á ¬ë¬ `mod' ®¯à¥¤¥«ï¥âáï ª ª ¡¨­ à­ ï ®¯¥à æ¨ï, â ª ï ¦¥,
ª ª á«®¦¥­¨¥ ¨«¨ ¢ëç¨â ­¨¥. �¥ä®à¬ «ì­® ¬ â¥¬ â¨ª¨ ¤ ¢­®�âªã¤  ¢§ï«®áì

­ §¢ ­¨¥ ý`mod':
¡¨­ à­ ï ®¯¥à -
æ¨ïþ? �ë ã§­ ¥â¥
íâ® ¢ á«¥¤ãîé¥©
£« ¢¥.

¯®«ì§ãîâáï mod, ¢ëç¨á«ïï à §«¨ç­ë¥ ¢¥«¨ç¨­ë ¯® ¬®¤ã«î 10,
¯® ¬®¤ã«î 2π ¨ â.¤., ­® ä®à¬ «ì­® íâ® ®¡®§­ ç¥­¨¥ ãâ¢¥à¤¨«®áì
â®«ìª® ¢ ¯®á«¥¤­¨¥ ¤¥áïâ¨«¥â¨ï. � ª çâ® íâ® | ­®¢®¥ ®¡®§­ ç¥-
­¨¥ ¤«ï áâ à®£® ¯®­ïâ¨ï.

�®¦­® «¥£ª® ã«®¢¨âì á¬ëá« x mod y ¤«ï ¯®«®¦¨â¥«ì­ëå
¤¥©áâ¢¨â¥«ì­ëå ç¨á¥« x ¨ y ¨­âã¨â¨¢­®. �à¥¤áâ ¢¨¬ á¥¡ï ¡¥-
£ã­®¬ ¯® ®ªàã¦­®áâ¨ ¤«¨­®© y, â®çª ¬ ª®â®à®© ­ §­ ç¥­ë ¤¥©-
áâ¢¨â¥«ì­ë¥ §­ ç¥­¨ï ¨§ ¨­â¥à¢ «  [0 . . y). �á«¨ ¯à®©â¨ ¯® ®ª-
àã¦­®áâ¨ à ááâ®ï­¨¥ x, ­ ç¨­ ï á â®çª¨ 0, â® ¬ë ®ª ¦¥¬áï ¢
â®çª¥ x mod y. (�à¨ íâ®¬ ¬ë bx/yc à § ¯à®©¤¥¬ ç¥à¥§ â®çªã 0.)

�à¨ ®âà¨æ â¥«ì­ëå x ¨«¨ y á«¥¤ã¥â ¢­¨¬ â¥«ì­® à áá¬®â-
à¥âì ®¯à¥¤¥«¥­¨¥ ®¯¥à æ¨¨, çâ®¡ë â®ç­® ¯®­ïâì, çâ® ¦¥ ¢ íâ®¬
á«ãç ¥ ®§­ ç ¥â ®¯¥à æ¨ï `mod'. �®â ­¥ª®â®àë¥ ¯à¨¬¥àë á æ¥«ë-�áâ¥à¥£ ©â¥áì ï§ë-

ª®¢ ¯à®£à ¬¬¨à®-
¢ ­¨ï, ¢ ª®â®àëå
¨á¯®«ì§ã¥âáï ¨­®¥
®¯à¥¤¥«¥­¨¥.
(� ç áâ­®áâ¨, íâ®
®â­®á¨âáï ª ï§ë-
ª ¬ ¯à®£à ¬¬¨à®-
¢ ­¨ï C ¨ C++.

| �¥à¥¢®¤ç¨ª)

¬¨ §­ ç¥­¨ï¬¨:

5 mod 3 = 5− 3b5/3c = 2 ,

5 mod −3 = 5− (−3)b5/(−3)c = −1 ,

−5 mod 3 = −5− 3b−5/3c = 1 ,

−5 mod −3 = −5− (−3)b−5/(−3)c = −2 .

�¨á«® ¯®á«¥ `mod' ­ §ë¢ ¥âáï ¬®¤ã«¥¬ ; ª ª ­ §ë¢ âì ç¨á«®
¯¥à¥¤ `mod', ¯®ª  çâ® ­¥ ¯à¨¤ã¬ «¨. � ¯à¨«®¦¥­¨ïå ¬®¤ã«ì�®¦¥â, ­ §¢ âì ¥£®

¬®ä¨£®¬?*
* � ®à¨£¨­ «¥ | \modumor". �¥¯¥à¥¢®¤¨¬ ï ¨£à  á«®¢, ®á­®-
¢ ­­ ï ­  á®§¢ãç¨¨ ¢â®à®© ç áâ¨ á«®¢  \¬®¤ã«ì" (modulus) á«®¢ã
\less" (¬¥­ìè¥),   ¢â®à®© ç áâ¨ á«®¢  \modumor" | á«®¢ã \more"
(¡®«ìè¥). | �¥à¥¢®¤ç¨ª



114 �¥«®ç¨á«¥­­ë¥ äã­ªæ¨¨

®¡ëç­® ¯®«®¦¨â¥«¥­, ­® ¤ ­­®¥ ¢ëè¥ ®¯à¥¤¥«¥­¨¥ á®åà ­ï¥â
á¬ëá« ¨ ¯à¨ ®âà¨æ â¥«ì­ëå §­ ç¥­¨ïå. � ®¡®¨å á«ãç ïå §­ -
ç¥­¨¥ x mod y ­ å®¤¨âáï ¬¥¦¤ã 0 ¨ ¬®¤ã«¥¬:

0 � x mod y < y ¯à¨ y > 0,
0 � x mod y > y ¯à¨ y < 0.

�® çâ® ¤¥« âì á y = 0? �¯à¥¤¥«¥­¨¥ (3.21), çâ®¡ë ¨§¡¥¦ âì ¤¥-
«¥­¨ï ­  0, ®áâ ¢«ï¥â ¤ ­­ë© á«ãç © ­¥®¯à¥¤¥«¥­­ë¬, ­® ¤«ï
¯®«­®âë ¬®¦­® ®¯à¥¤¥«¨âì

x mod 0 = x . (3.22)

�â® á®£« è¥­¨¥ á®åà ­ï¥â â® á¢®©áâ¢®, çâ® x mod y ¢á¥£¤  ®â«¨-

�¥â ¬®¤ã«ï | ­¥â
¨ ®¯¥à æ¨¨!

| �¥à¥¢®¤ç¨ª

ç ¥âáï ®â x ­  ¢¥«¨ç¨­ã, ªà â­ãî y. (�®¦¥â ¯®ª § âìáï ¡®«¥¥
¥áâ¥áâ¢¥­­ë¬ á¤¥« âì íâã äã­ªæ¨î ­¥¯à¥àë¢­®© ¢ 0 ¯à¨ ¯®¬®-
é¨ á«¥¤ãîé¥£® ®¯à¥¤¥«¥­¨ï: x mod 0 = limy→0 x mod y = 0. �®
¢ £« ¢¥ 4 ¬ë ã¢¨¤¨¬, çâ® íâ® á¤¥« «® ¡ë ¥¥ ¬¥­¥¥ ¯®«¥§­®©. �¥-
¯à¥àë¢­®áâì | ­¥ á ¬ë© ¢ ¦­ë©  á¯¥ªâ ®¯¥à æ¨¨ mod.)

�ë ã¦¥ áâ «ª¨¢ «¨áì á ®¤­¨¬ § ¬ áª¨à®¢ ­­ë¬ ç áâ­ë¬
á«ãç ¥¬ ®¯¥à æ¨¨ mod, ª®£¤  § ¯¨áë¢ «¨ ç¨á«® x ¢ ¢¨¤¥ áã¬¬ë
¥£® æ¥«®© ¨ ¤à®¡­®© ç áâ¥©: x = bxc + fxg. �à®¡­ ï ç áâì ¬®¦¥â
¡ëâì § ¯¨á ­  â ª¦¥ ª ª x mod 1, ¯®â®¬ã çâ®

x = bxc + x mod 1 .

�¡à â¨â¥ ¢­¨¬ ­¨¥, çâ® ¢ íâ®© ä®à¬ã«¥ ªàã£«ë¥ áª®¡ª¨ ­¥ ­ã-
¦­ë: áç¨â ¥âáï, çâ® §­ ª á¢ï§ë¢ ¥â ®¯¥à ­¤ë á¨«ì­¥¥, ç¥¬ §­ -
ª¨ á«®¦¥­¨ï ¨ ¢ëç¨â ­¨ï (â.¥. ¯à¨®à¨â¥â íâ®£® ®¯¥à â®à  ¢ë-
è¥ ¯à¨®à¨â¥â®¢ ®¯¥à â®à®¢ á«®¦¥­¨ï ¨«¨ ¢ëç¨â ­¨ï. | �à¨-
¬¥ç. ¯¥à.).

�à¨ ®¯à¥¤¥«¥­¨¨ ®¯¥à æ¨¨ mod ¨á¯®«ì§®¢ « áì äã­ªæ¨ï
\¯®«", ¢ â® ¢à¥¬ï ª ª äã­ªæ¨ï \¯®â®«®ª" â ª®£® ¢­¨¬ ­¨ï ­¥
¡ë«  ã¤®áâ®¥­ . �®§¬®¦­®, áâ®¨«® ¡ë ¢®á¯®«ì§®¢ âìáï äã­ªæ¨-
¥© \¯®â®«®ª" ¤«ï ®¯à¥¤¥«¥­¨ï  ­ «®£  ®¯¥à æ¨¨ mod ­ ¯®¤®¡¨¥

x mumble y = ydx/ye− x .

(\Mumble" | ­¥ç«¥­®à §¤¥«ì­®¥ ¡®à¬®â ­¨¥ ( ­£«.). | �à¨¬¥ç.

� 1970-¥ £®¤ë ¡ë«
¯®¯ã«ïà¥­ áâ¨«ì
\mod". �®¦¥â,
áâ®¨â ­ §¢ âì
­®¢ãî äã­ªæ¨î ­¥
\mumble",   \punk"
(¯ ­ª)?
�¥â | ï  ¢â®à, ª ª
å®çã, â ª ¨ ­ §ë-
¢ î! �­¥ ­à ¢¨âáï
\mumble".

¯¥à.) � á«ãç ¥ ­ è¥©  ­ «®£¨¨ á ¡¥£®¬ ¯® ªàã£ã íâ® á®®â¢¥âáâ¢ã-
¥â à ááâ®ï­¨î, ª®â®à®¥ ®áâ «®áì ¯à®¡¥¦ âì ¡¥£ã­ã, ¯à¥®¤®«¥¢è¥-
¬ã à ááâ®ï­¨¥ x, çâ®¡ë ¯®¯ áâì ¢ ¨áå®¤­ãî â®çªã 0. �®, ª®­¥ç­®
¦¥, âà¥¡ã¥âáï ¡®«¥¥ ¯®¤å®¤ïé¥¥ ­ §¢ ­¨¥, ç¥¬ `mumble'. �¯à®-
ç¥¬, ¥á«¨ ¡ë ­ è«®áì ¯à¨¬¥­¥­¨¥ íâ®© ®¯¥à æ¨¨, §  ­ §¢ ­¨¥¬
¤¥«® ¡ë ­¥ áâ «®. . .



3.4 `MOD': ¡¨­ à­ ï ®¯¥à æ¨ï 115

�¨áâà¨¡ãâ¨¢­ë© § ª®­ ¯à¥¤áâ ¢«ï¥â á®¡®© ­ ¨¡®«¥¥ ¢ ¦­®¥
 «£¥¡à ¨ç¥áª®¥ á¢®©áâ¢® ®¯¥à æ¨¨ mod:

c(x mod y) = (cx) mod (cy) (3.23)

¤«ï ¢á¥å ¤¥©áâ¢¨â¥«ì­ëå c, x ¨ y. (�á«¨ ªâ®-â® ¯à¥¤¯®ç¨â ¥â� ¬¥â¨¬, çâ®
x mumble y =
(−x) mod y .

áç¨â âì, çâ® ®¯¥à â®à mod á¢ï§ë¢ ¥â ®¯¥à ­¤ë á« ¡¥¥ ã¬­®¦¥-
­¨ï, ®­ ¬®¦¥â ã¡à âì áª®¡ª¨ ¨§ ¯à ¢®© ç áâ¨ à ¢¥­áâ¢ .) �â®â
§ ª®­ «¥£ª® ¤®ª § âì, ¨áå®¤ï ¨§ ®¯à¥¤¥«¥­¨ï (3.21), â ª ª ª

c(x mod y) = c(x− ybx/yc) = cx− cybcx/cyc = cx mod cy ,

¥á«¨ cy 6= 0; á«ãç ¨ á ­ã«¥¢ë¬¨ ¬®¤ã«ï¬¨ âà¨¢¨ «ì­ë. �à¨-
¢¥¤¥­­ë¥ à ­¥¥ ç¥âëà¥ ¯à¨¬¥à  á ±5 ¨ ±3 ¤¢ ¦¤ë ¨««îáâà¨-
àãîâ íâ®â § ª®­ ¯à¨ c = −1. �®¦¤¥áâ¢® â¨¯  (3.23) ¤¥©áâ¢ã¥â
ãá¯®ª ¨¢ îé¥, ¨¡® ®­® ¯®§¢®«ï¥â ­ ¤¥ïâìáï, çâ® ®¯¥à æ¨ï `mod'
®¯à¥¤¥«¥­  ­ ¤«¥¦ é¨¬ ®¡à §®¬.

� ®áâ ¢è¥©áï ç áâ¨ íâ®£® à §¤¥«  ¬ë à áá¬®âà¨¬ ¯à¨«®¦¥-� ¯®¯à®áâã |
¢ ®áâ âª¥? ­¨¥ ®¯¥à æ¨¨ `mod', ¢ ª®â®à®¬ ®­  ®ª §ë¢ ¥âáï ¢¥áì¬  ¯®«¥§­®©,

å®âï ¨ ­¥ ¨£à ¥â æ¥­âà «ì­®© à®«¨. � áá¬ âà¨¢ ¥¬ ï § ¤ ç  ç -
áâ® ¢®§­¨ª ¥â ¢ ¬­®£®ç¨á«¥­­ëå á¨âã æ¨ïå, ª®£¤  ­ ¤® ¬ ªá¨-
¬ «ì­® à ¢­®¬¥à­® à §¡¨âì n ¯à¥¤¬¥â®¢ ­  m £àã¯¯.

�à¥¤¯®«®¦¨¬, ­ ¯à¨¬¥à, çâ® ã ­ á ¥áâì n ª®à®âª¨å áâà®ª
â¥ªáâ , ª®â®àë¥ ­ ¤® à §¬¥áâ¨âì ¢ m áâ®«¡æ å. �® íáâ¥â¨ç¥-
áª¨¬ á®®¡à ¦¥­¨ï¬ ¦¥« â¥«ì­®, çâ®¡ë áâ®«¡æë à á¯®« £ «¨áì
¢ ã¡ë¢ îé¥¬ ¯® ¢ëá®â¥ ¯®àï¤ª¥ (ä ªâ¨ç¥áª¨ | ¢ ­¥ã¡ë¢ îé¥¬
¯®àï¤ª¥) ¨ çâ®¡ë ¢ëá®â  áâ®«¡æ®¢ ¡ë«  ¯à¨¬¥à­® ®¤¨­ ª®¢  |
­¨ª ª¨¥ ¤¢  ¨§ ­¨å ­¥ ¤®«¦­ë ®â«¨ç âìáï ¯® ¢ëá®â¥ ¡®«¥¥ ç¥¬
­  ®¤­ã áâà®ªã â¥ªáâ . �á«¨ 37 áâà®ª â¥ªáâ  à §¡¨¢ îâáï ­  ¯ïâì
áâ®«¡æ®¢, â® ¯à¥¤¯®çâ¨â¥«ì­® â ª®¥ ¨å à §¬¥é¥­¨¥, ª ª ¯®ª § ­®
á¯à ¢ :

8 8 8 8 5
line 1 line 9 line 17 line 25 line 33
line 2 line 10 line 18 line 26 line 34
line 3 line 11 line 19 line 27 line 35
line 4 line 12 line 20 line 28 line 36
line 5 line 13 line 21 line 29 line 37
line 6 line 14 line 22 line 30
line 7 line 15 line 23 line 31
line 8 line 16 line 24 line 32

8 8 7 7 7
line 1 line 9 line 17 line 24 line 31
line 2 line 10 line 18 line 25 line 32
line 3 line 11 line 19 line 26 line 33
line 4 line 12 line 20 line 27 line 34
line 5 line 13 line 21 line 28 line 35
line 6 line 14 line 22 line 29 line 36
line 7 line 15 line 23 line 30 line 37
line 8 line 16

�à®¬¥ â®£®, å®â¥«®áì ¡ë à á¯à¥¤¥«¨âì áâà®ª¨ â¥ªáâ  \¯®áâ®«¡æ®-
¢®", â.¥. ¢­ ç «¥ à¥è ¥âáï, áª®«ìª® áâà®ª ¡ã¤¥â ¢ ¯¥à¢®¬ áâ®«¡æ¥,
§ â¥¬ | ¢® ¢â®à®¬, âà¥âì¥¬ ¨ â ª ¤ «¥¥ ¢ á®®â¢¥âáâ¢¨¨ á ¯®àï¤-
ª®¬ çâ¥­¨ï â¥ªáâ  ç¥«®¢¥ª®¬. �®áâà®ç­®¥ à á¯à¥¤¥«¥­¨¥  ¢â®¬ -
â¨ç¥áª¨ ¯à¨¢¥¤¥â ª âà¥¡ã¥¬®¬ã à §¬¥é¥­¨î, ­® ¯®àï¤®ª çâ¥­¨ï
áâà®ª ¯à¨ íâ®¬ ®ª ¦¥âáï ­ àãè¥­­ë¬ (¬ë ¯®«ãç¨«¨ ¡ë ­¥çâ®
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¯®¤®¡­®¥ à §¬¥é¥­¨î á¯à ¢ , ­® ¢ ¯¥à¢®¬ áâ®«¡æ¥ ¡ë«¨ ¡ë áâà®-
ª¨ 1, 6, 11, . . . , 36,   ­¥ 1, 2, 3, . . . , 8, ª ª ¤®«¦­® ¡ëâì).

�®áâà®ç­ãî áâà â¥£¨î à á¯à¥¤¥«¥­¨ï ¨á¯®«ì§®¢ âì ­¥«ì§ï,
­® ®­  ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì,áª®«ìª® áâà®ª à §¬¥áâ¨âáï ¢ ª ¦-
¤®¬ áâ®«¡æ¥. �á«¨ n ­¥ ªà â­® m, â® ¢ ¯à®æ¥áá¥ ¯®áâà®ç­®£®
à §¬¥é¥­¨ï ¢ëïá­ï¥âáï, çâ® ¤«¨­­ë¥ áâ®«¡æë ¤®«¦­ë á®¤¥à-
¦ âì ¯® dn/me áâà®ª,   ª®à®âª¨¥ | ¯® bn/mc. �«¨­­ëå áâ®«¡-
æ®¢ ¡ã¤¥â à®¢­® n mod m (¨, ª ª ¢ëïá­ï¥âáï, à®¢­® n mumble m
ª®à®âª¨å).

� ¢ ©â¥ ®¡®¡é¨¬ â¥à¬¨­®«®£¨î ¨ ¯®£®¢®à¨¬ ® `¯à¥¤¬¥â å'
¨ `£àã¯¯ å' ¢¬¥áâ® `áâà®ª' ¨ `áâ®«¡æ®¢'. �®«ìª® çâ® ¬ë ¢ëïá­¨«¨,
çâ® ¯¥à¢ ï £àã¯¯  ¤®«¦­  á®¤¥à¦ âì dn/me ¯à¥¤¬¥â®¢; á«¥¤®¢ -
â¥«ì­®, ¬®¦­® ¯®¯à®¡®¢ âì â ªãî áå¥¬ã ¯®á«¥¤®¢ â¥«ì­®£® à á-
¯à¥¤¥«¥­¨ï: ¤«ï à á¯à¥¤¥«¥­¨ï n ¯à¥¤¬¥â®¢ ¯® m £àã¯¯ ¬ ¯à¨
m > 0 ¯®¬¥áâ¨¬ dn/me ¯à¥¤¬¥â®¢ ¢ ®¤­ã £àã¯¯ã,   § â¥¬ à¥ªãà-
á¨¢­® ¯à¨¬¥­¨¬ âã ¦¥ ¯à®æ¥¤ãàã ª ®áâ «ì­ë¬ n ′ = n − dn/me
®áâ ¢è¨¬áï ¯à¥¤¬¥â ¬ ¤«ï ¨å à §¬¥é¥­¨ï ¢ m ′ = m− 1 ¯à®ç¨å
£àã¯¯ å.

� ¯à¨¬¥à, ¥á«¨ n = 314,   m = 6, â® à á¯à¥¤¥«¥­¨¥ ¢ë¯®«-
­ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

�áâ ¢è¨¥áï
¯à¥¤¬¥âë

�áâ ¢è¨¥áï
£àã¯¯ë d �à¥¤¬¥â®¢ ¢ £àã¯¯¥e

314 6 53

261 5 53

208 4 52

156 3 52

104 2 52

52 1 52

� ª ¢¨¤¨â¥, áå¥¬  à ¡®â ¥â | ¬ë ¯®«ãç ¥¬ £àã¯¯ë ¯à ªâ¨ç¥áª¨
­¥¨§¬¥­­®£® à §¬¥à , ­¥á¬®âàï ­  â®, çâ® ¤¥«¨â¥«ì ¨§¬¥­ï¥âáï.

�®ç¥¬ã ®­  à ¡®â ¥â? � ®¡é¥¬ á«ãç ¥ ¬®¦­® ¯à¥¤¯®«®¦¨âì,
çâ® n = qm+r, £¤¥ q = bn/mc ¨ r = n mod m. �á«¨ r = 0, ¯à®æ¥áá
à §¬¥é¥­¨ï ¯à®áâ: ¬ë ¯®¬¥é ¥¬ dn/me = q ¯à¥¤¬¥â®¢ ¢ ¯¥à¢ãî
£àã¯¯ã ¨ § ¬¥­ï¥¬ n ­  n ′ = n−q, ®áâ ¢«ïï n ′ = qm ′ ¯à¥¤¬¥â®¢
¤«ï à §¬¥é¥­¨ï ¢ ®áâ «ì­ëå m ′ = m−1 £àã¯¯ å. �á«¨ ¦¥ r > 0,
¬ë ¯®¬¥é ¥¬ dn/me = q+ 1 ¯à¥¤¬¥â®¢ ¢ ¯¥à¢ãî £àã¯¯ã ¨ § ¬¥-
­ï¥¬ n ­  n ′ = n − q − 1, ®áâ ¢«ïï n ′ = qm ′ + r − 1 ¯à¥¤¬¥â®¢
¤«ï ¯®á«¥¤ãîé¨å £àã¯¯. �®¢ë© ®áâ â®ª r ′ = r − 1,   q ®áâ ¥âáï
â¥¬ ¦¥ á ¬ë¬. �âáî¤  á«¥¤ã¥â, çâ® ¯®«ãç¨âáï r £àã¯¯ á q + 1

¯à¥¤¬¥â ¬¨, §  ª®â®àë¬¨ á«¥¤ãîâ m− r £àã¯¯ á q ¯à¥¤¬¥â ¬¨.
�ª®«ìª® ¯à¥¤¬¥â®¢ ®ª ¦¥âáï ¢ k-© £àã¯¯¥? �«ï ®â¢¥â  ­ 

íâ®â ¢®¯à®á ­ ¬ ­ã¦­  ä®à¬ã« , ª®â®à ï ¤ ¢ «  ¡ë dn/me ¯à¨



3.4 `MOD': ¡¨­ à­ ï ®¯¥à æ¨ï 117

k � n mod m ¨ bn/mc ¢ ¯à®â¨¢­®¬ á«ãç ¥. �¥âàã¤­® ã¡¥¤¨âìáï,
çâ® âà¥¡ã¥¬ë¬ ãá«®¢¨ï¬ ®â¢¥ç ¥â ä®à¬ã« 

⌈
n− k+ 1

m

⌉
,

¯®áª®«ìªã ®­  á¢®¤¨âáï ª q+ d(r− k+ 1)/me, ¥á«¨, ª ª ¨ ¢ ¯à¥-
¤ë¤ãé¥¬  ¡§ æ¥, § ¯¨á âì n = qm+ r (§¤¥áì q = bn/mc). �®«ã-
ç ¥¬, çâ® d(r − k + 1)/me = [k� r], ¥á«¨ 1 � k � m ¨ 0 � r < m.
�«¥¤®¢ â¥«ì­®, ¬®¦­® § ¯¨á âì á«¥¤ãîé¥¥ â®¦¤¥áâ¢®, ª®â®à®¥
¢ëà ¦ ¥â à §¡¨¥­¨¥ n ­  m ª ª ¬®¦­® ¡®«¥¥ à ¢­ëå ç áâ¥© ¢ ­¥-
¢®§à áâ îé¥¬ ¯®àï¤ª¥:

n =

⌈
n

m

⌉
+

⌈
n− 1

m

⌉
+ · · ·+

⌈
n−m+ 1

m

⌉
. (3.24)

�â® â®¦¤¥áâ¢® á¯à ¢¥¤«¨¢® ¯à¨ «î¡®¬ æ¥«®¬ ¯®«®¦¨â¥«ì­®¬
m ¨ ¯à¨ «î¡®¬ æ¥«®¬ n (¯®«®¦¨â¥«ì­®¬, ®âà¨æ â¥«ì­®¬ ¨«¨
­ã«¥). �ë ã¦¥ áâ «ª¨¢ «¨áì á® á«ãç ¥¬ m = 2 ¢ (3.17), å®âï
¨ § ¯¨á ­­®¬ ¢ ­¥áª®«ìª® ¨­®¬ ¢¨¤¥: n = dn/2e+ bn/2c.

�á«¨ ¡ë ¬ë ¯®¦¥« «¨, çâ®¡ë ¢á¥ ç áâ¨ à á¯®« £ «¨áì ¢ ­¥-
ã¡ë¢ îé¥¬ ¯®àï¤ª¥ | ª®£¤  ¬¥­ìè¨¥ £àã¯¯ë ¯à¥¤è¥áâ¢ãîâ
¡�®«ìè¨¬, | ¬®¦­® ¡ë«® ¡ë ¤¥©áâ¢®¢ âì â¥¬ ¦¥ á¯®á®¡®¬, ­®
á bn/mc ¯à¥¤¬¥â ¬¨ ¢ ¯¥à¢®© £àã¯¯¥, ¯®«ãç ï á®®â¢¥âáâ¢ãîé¥¥
â®¦¤¥áâ¢®

n =

⌊
n

m

⌋
+

⌊
n+ 1

m

⌋
+ · · ·+

⌊
n+m− 1

m

⌋
. (3.25)

�®¦¤¥áâ¢  (3.25) ¨ (3.24) ¬®¦­® ¯à¥®¡à §®¢ë¢ âì ¤àã£ ¢ ¤àã£ ,
¯®«ì§ãïáì «¨¡® á®®â­®è¥­¨¥¬ (3.4), «¨¡® â®¦¤¥áâ¢®¬ ¨§ ã¯à. 12.

�¥¯¥àì, ¥á«¨ ¢ (3.25) § ¬¥­¨âì n ­  bmxc ¨ ¯à¨¬¥­¨âì ¯à -�¥ª®â®àë¥ ãâ¢¥à-
¦¤ îâ, çâ® á«¨è-
ª®¬ ®¯ á­® § ¬¥-
­ïâì çâ®-«¨¡® ­ 
mx .
(�¬¥îâáï ¢ ¢¨¤ã
à ª¥âë MX.

| �¥à¥¢®¤ç¨ª)

¢¨«® (3.11) ¤«ï ã¤ «¥­¨ï ¯®«®¢ ¢­ãâà¨ ¯®«®¢, â® ¯®«ãç¨âáï â®-
¦¤¥áâ¢®, ¢ë¯®«­ïîé¥¥áï ¯à¨ ¢á¥å ¤¥©áâ¢¨â¥«ì­ëå x:

bmxc = bxc+
⌊
x+

1

m

⌋
+ · · ·+

⌊
x+

m− 1

m

⌋
. (3.26)

�â® ¢ ­¥ª®â®à®© áâ¥¯¥­¨ ã¤¨¢¨â¥«ì­ë© à¥§ã«ìâ â, â ª ª ª äã­ª-
æ¨ï \¯®«" ï¢«ï¥âáï æ¥«®ç¨á«¥­­®©  ¯¯à®ªá¨¬ æ¨¥© ¤¥©áâ¢¨â¥«ì-
­®© ¢¥«¨ç¨­ë, ¨ â¥¬ ­¥ ¬¥­¥¥ ¥¤¨­áâ¢¥­­®¥ ¯à¨¡«¨¦¥­¨¥ á«¥¢ 
®ª §ë¢ ¥âáï à ¢­ë¬ áã¬¬¥ æ¥«®£® ­ ¡®à  ¯à¨¡«¨¦¥­¨© á¯à ¢ .
�á«¨ áç¨â âì, çâ® bxc| íâ®, £àã¡® £®¢®àï, ¢ áà¥¤­¥¬ x − 1

2
, â®

«¥¢ ï ç áâì ¢ £àã¡®¬ ¯à¨¡«¨¦¥­¨¨ à ¢­  mx− 1
2
,   ¯à ¢ ï ®ª §ë-

¢ ¥âáï à ¢­®© (x− 1
2
)+(x− 1

2
+ 1

m
)+ · · ·+(x− 1

2
+ m−1

m
) = mx− 1

2
.

� ¢®â | áã¬¬  íâ¨å £àã¡ëå ¯à¨¡«¨¦¥­¨© ®ª §ë¢ ¥âáï â®ç­®©
¢¥«¨ç¨­®©!
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3.5 �ã¬¬ë á ¯®« ¬¨ ¨ ¯®â®«ª ¬¨
�à ¢­¥­¨¥ (3.26) ¤¥¬®­áâà¨àã¥â, çâ® ¢  ­ «¨â¨ç¥áª®¬

¢¨¤¥ ¬®¦­® ¯®«ãç¨âì ¯® ªà ©­¥© ¬¥à¥ ®¤¨­ ¢¨¤ áã¬¬ á® áª®¡-
ª ¬¨ b c. �áâì «¨ ¤àã£¨¥ ¢¨¤ë? �áâì. �¡ëç­® ¯à¨¬¥­ï¥¬ ï
¢ â ª¨å á«ãç ïå ã«®¢ª  á®áâ®¨â ¢ â®¬, çâ®¡ë ¨§¡ ¢¨âìáï ®â ¯®« 
¨«¨ ¯®â®«ª , ¢¢¥¤ï ­®¢ãî ¯¥à¥¬¥­­ãî.

� áá¬®âà¨¬, ­ ¯à¨¬¥à, ¬®¦­® «¨ ¯®«ãç¨âì áã¬¬ã
∑

0�k<n

b
√
kc

¢  ­ «¨â¨ç¥áª®¬ ¢¨¤¥. �¤¥ï § ª«îç ¥âáï ¢® ¢¢¥¤¥­¨¨ ¯¥à¥¬¥­-
­®© m = b

√
kc; íâ® ¬®¦­® á¤¥« âì ç¨áâ® \¬¥å ­¨ç¥áª¨", ¤¥©áâ¢ãï

â ª ¦¥, ª ª ¢ § ¤ ç¥ á àã«¥âª®©:
∑

0�k<n

b
√
kc =

∑

k,m�0

m[k<n]
[
m= b

√
kc] =

=
∑

k,m�0

m[k<n]
[
m�

√
k<m+ 1

]
=

=
∑

k,m�0

m[k<n]
[
m2�k< (m+ 1)2

]
=

=
∑

k,m�0

m
[
m2�k< (m+ 1)2�n

]
+

+
∑

k,m�0

m
[
m2�k<n< (m+ 1)2

]
.

� ¢­®¢ì ®¯à¥¤¥«¥­­ë¥ âàã¤­®áâ¨ ¢ë§ë¢ îâ £à ­¨ç­ë¥ ãá«®¢¨ï.
�®¯ãáâ¨¬ á­ ç « , çâ® n = a2 | â®ç­ë© ª¢ ¤à â. �®£¤  ¢â®à ï
áã¬¬  à ¢­  ­ã«î,   ¯¥à¢ ï ¬®¦¥â ¡ëâì ¢ëç¨á«¥­  ¯® ®¡ëç­®¬ã
¯à ¢¨«ã:

�¡ë¢ îé¨¥ áâ¥¯¥-
­¨ ã¡¨¢ îâ áã¬¬ã.

∑

k,m�0

m
[
m2�k< (m+ 1)2�a2

]
=

=
∑

m�0

m
(
(m+ 1)2 −m2

)
[m+ 1�a] =

=
∑

m�0

m(2m+ 1)[m<a] =

=
∑

m�0

(2m2 + 3m1)[m<a] =

=
∑a

0
(2m2 + 3m1) δm =

= 2
3
a(a− 1)(a− 2) + 3

2
a(a− 1) = 1

6
(4a+ 1)a(a− 1) .
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� ®¡é¥¬ á«ãç ¥ ¬®¦­® ¯®«®¦¨âì a = b√nc; â®£¤  ­ã¦­®
¢á¥£® «¨èì á«®¦¨âì ç«¥­ë ¯à¨ a2 � k < n, ¯à¨ç¥¬ ¢á¥ ®­¨ à ¢-
­ë a, â ª çâ® áã¬¬  ®ª §ë¢ ¥âáï à ¢­®© (n−a2)a. �â® ¤ ¥â ­ ¬
¨áª®¬ë©  ­ «¨â¨ç¥áª¨© ¢¨¤

∑

0�k<n

b
√
kc = na− 1

3
a3 − 1

2
a2 − 1

6
a , a = b√nc. (3.27)

�àã£®© ¯®¤å®¤ ª ¢ëç¨á«¥­¨î â ª¨å áã¬¬ á®áâ®¨â ¢ § ¬¥-
­¥ ¢ëà ¦¥­¨ï ¢¨¤  bxc ­ 

∑
j[1� j� x]; íâ® ¢á¥£¤  § ª®­­® ¯à¨

x � 0. �®â ª ª à ¡®â ¥â íâ®â ¬¥â®¤ ¯à¨ ¢ëç¨á«¥­¨¨ áã¬¬ë
bª¢ ¤à â­ëå ª®à­¥©c, ¥á«¨ ¤«ï ã¤®¡áâ¢  áç¨â âì, çâ® n = a2:

∑

0�k<n

b
√
kc =

∑

j,k

[1� j�
√
k ][0� k<a2 ] =

=
∑

1�j<a

∑

k

[j2�k<a2 ] =

=
∑

1�j<a

(a2 − j2) = a3 − 1
3
a(a+ 1

2
)(a+ 1) .

�®â ¤àã£®© ¯à¨¬¥à, ¢ ª®â®à®¬ § ¬¥­  ¯¥à¥¬¥­­®© ¯à¨¢®-
¤¨â ª ¯à¥®¡à §®¢ ­­®© áã¬¬¥. �à¨¬¥à­® ¢ ®¤­® ¨ â® ¦¥ ¢à¥¬ï
¢ 1909 £®¤ã ­¥§ ¢¨á¨¬® ¤àã£ ®â ¤àã£  âà¨ ¬ â¥¬ â¨ª  | �®«ì
(Bohl) [34], �¥à¯¨­ìáª¨ (Sierpi�nski) [326] ¨ �¥©«ì (Weyl) [368] |
®¡­ àã¦¨«¨ § ¬¥ç â¥«ì­ë© ä ªâ: ¥á«¨ α ¨àà æ¨®­ «ì­®, â® ¯à¨
n → ∞ ç¨á«  fnαg ¢ ¢ëáè¥© áâ¥¯¥­¨ à ¢­®¬¥à­® à á¯à¥¤¥«¥­ë
¬¥¦¤ã 0 ¨ 1. �¤­  ¨§ ä®à¬ã«¨à®¢®ª §¢ãç¨â á«¥¤ãîé¨¬ ®¡à §®¬:

lim
n→∞

1

n

∑

0�k<n

f
(
fkαg

)
=

∫1
0

f(x)dx (3.28)

¯à¨ «î¡®¬ ¨àà æ¨®­ «ì­®¬ α ¨ «î¡®© ®£à ­¨ç¥­­®© äã­ªæ¨¨
f, ª®â®à ï ­¥¯à¥àë¢­  ¯®çâ¨ ¢¥§¤¥. � ¯à¨¬¥à, áà¥¤­¥¥ §­ ç¥­¨¥
fnαg ¬®¦­® ­ ©â¨, ¯®«®¦¨¢ f(x) = x. �ë ¯®«ãç¨¬ §­ ç¥­¨¥ 1

2
.

(�¬¥­­® íâ®£® ¨ á«¥¤®¢ «® ®¦¨¤ âì; ­® ¯à¨ïâ­® §­ âì, çâ® íâ®
¢¥à­® ­¥§ ¢¨á¨¬® ®â â®£®, ç¥¬ã ¨¬¥­­® à ¢­® ¨àà æ¨®­ «ì­®¥
ç¨á«® α.)

�¥®à¥¬  �®«ï, �¥à¯¨­ìáª¨ ¨ �¥©«ï ¤®ª §ë¢ ¥âáï ¯ãâ¥¬  ¯-

�­¨¬ ­¨¥: íâ®
¤®áâ â®ç­® á«®¦-
­ë© ¬ â¥à¨ «.
�à¨ ¯¥à¢®¬ çâ¥-
­¨¨ «ãçè¥ ¡¥£«®
¯à®áª®ç¨âì á«¥-
¤ãîé¨¥ ¯ àã
áâà ­¨æ: ®­¨ ­¥
â ª áãé¥áâ¢¥­­ë.
| �®çã¢áâ¢ãîé¨©

 áá¨áâ¥­â

?
�  ¢§«¥â!

¯à®ªá¨¬ æ¨¨ f(x) á¢¥àåã ¨ á­¨§ã \áâã¯¥­ç âë¬¨ äã­ªæ¨ï¬¨", ª®-
â®àë¥ ï¢«ïîâáï «¨­¥©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨ ¯à®áâëå äã­ªæ¨©

fv(x) = [0� x<v]

¯à¨ 0 � v � 1. � è  æ¥«ì á®áâ®¨â ­¥ ¢ â®¬, çâ®¡ë ¤®ª § âì â¥®-
à¥¬ã, | íâ® ¤¥«® ¤àã£¨å ª­¨£ ¯® ¬ â ­ «¨§ã. �ë ¦¥ ¯®¯à®¡ã¥¬
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¢ëïá­¨âì äã­¤ ¬¥­â «ì­ë¥ ¯à¨ç¨­ë, ¯® ª®â®àë¬ ®­  á¯à ¢¥¤-
«¨¢ , à áá¬®âà¥¢ ç áâ­ë© á«ãç © f(x) = fv(x). �àã£¨¬¨ á«®¢ ¬¨,
¤ ¢ ©â¥ ¯®¯ëâ ¥¬áï ¢ëïá­¨âì, ­ áª®«ìª® ¡«¨§ª  áã¬¬ 

∑

0�k<n

[
fkαg<v

]

ª \¨¤¥ «ì­®¬ã" §­ ç¥­¨î nv ¯à¨ ¡®«ìè®¬ n ¨ ¨àà æ¨®­ «ì-
­®¬ α.

�«ï íâ®© æ¥«¨ ¬ë ®¯à¥¤¥«¨¬ ®âª«®­¥­¨¥ D(α,n) ª ª ¬ ª-
á¨¬ «ì­®¥  ¡á®«îâ­®¥ §­ ç¥­¨¥ ¯® ¢á¥¬ 0 � v � 1 áã¬¬ë

s(α,n, v) =
∑

0�k<n

([
fkαg<v

]
− v

)
. (3.29)

� è  § ¤ ç  | ¯®ª § âì, çâ® D(α,n) \­¥ á«¨èª®¬ ¢¥«¨ª®" ¯®
áà ¢­¥­¨î á n, ¯®ª § ¢, çâ® ¢¥«¨ç¨­  js(α,n, v)j ¢á¥£¤  ¤®áâ â®-
ç­® ¬ «  ¯à¨ ¨àà æ¨®­ «ì­®¬ α. �¥§ ¯®â¥à¨ ®¡é­®áâ¨ ¬®¦­®
áç¨â âì, çâ® 0 < α < 1.

�­ ç «  ¬®¦­® ¯¥à¥¯¨á âì s(α,n, v) ¢ ¡®«¥¥ ¯à®áâ®¬ ¢¨¤¥,
  § â¥¬ ¢¢¥áâ¨ ­®¢ãî ¨­¤¥ªá­ãî ¯¥à¥¬¥­­ãî j:

∑

0�k<n

([
fkαg<v

]
− v

)
=

∑

0�k<n

(bkαc− bkα− vc− v
)

=

= −nv+
∑

0�k<n

∑

j

[kα− v< j�kα] =

= −nv+
∑

0�j<dnαe

∑

k<n

[
jα−1�k< (j+ v)α−1

]
.

�á«¨ ­ ¬ ¯®¢¥§¥â, ¬ë á¬®¦¥¬ ¯à®áã¬¬¨à®¢ âì ¯® k. �® ¯à¥¦¤¥
áâ�®¨â ¢¢¥áâ¨ ­¥ª®â®àë¥ ­®¢ë¥ ¯¥à¥¬¥­­ë¥, çâ®¡ë ¯à¨¢¥áâ¨ íâã
ä®à¬ã«ã ª ¯à¨«¨ç­®¬ã ¢¨¤ã. �®«®¦¨¬ �­ ª®¬®: ¨¬¥­ã© ¨

¢« áâ¢ã©.
�« ¢­®¥ §¤¥áì |
§ ¬¥­  ¯¥à¥¬¥­­®©
k ­  j .
| �®çã¢áâ¢ãîé¨©

 áá¨áâ¥­â

a = bα−1c , α−1 = a+ α ′ ,

b = dvα−1e , vα−1 = b− v ′ .

� ª¨¬ ®¡à §®¬, α ′ = fα−1g| íâ® ¤à®¡­ ï ç áâì α−1,   v ′ |
mumble-¤à®¡­ ï ç áâì vα−1.

� ¢­®¢ì ¥¤¨­áâ¢¥­­ë© ¨áâ®ç­¨ª ­¥¯à¨ïâ­®áâ¥© | íâ® £à -
­¨ç­ë¥ ãá«®¢¨ï. � ¢ ©â¥ ¯®ª  § ¡ã¤¥¬ ®¡ ®£à ­¨ç¥­¨¨ `k < n'
¨ ¢ëç¨á«¨¬ áã¬¬ã ¯® k ¡¥§ ­¥£®:

∑

k

[
k∈ [

jα−1 . . (j+v)α−1
)]

=
⌈
(j+v)(a+α ′)

⌉
−
⌈
j(a+α ′)

⌉
=

= b+d jα ′−v ′ e−d jα ′ e .
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�á¥ ¯à®áâ®; â¥¯¥àì ¢ë¯®«­ï¥¬ ¯®¤áâ ­®¢ªã

s(α,n, v) =

= −nv+ dnαeb+
∑

0�j<dnαe

(d jα ′−v ′ e− d jα ′ e)− S , (3.30)

£¤¥ S| ¯®¯à ¢ª  ¤«ï á«ãç ¥¢ k � n, ª®â®àë¥ ¬ë ­¥ á¬®£«¨ ¨á-
ª«îç¨âì. �¥«¨ç¨­  jα ′ ¡ã¤¥â æ¥«®© â®«ìª® ¯à¨ j = 0, ¯®áª®«ìªã
α (  §­ ç¨â, ¨ α ′) ¨àà æ¨®­ «ì­®; ¢¥«¨ç¨­  jα ′ − v ′ ¡ã¤¥â æ¥«®©
­¥ ¡®«¥¥ ç¥¬ ¤«ï ®¤­®£® §­ ç¥­¨ï j. � ª çâ® ¬®¦­® § ¬¥­¨âì
\¯®â®«®ç­ë¥" ç«¥­ë \¯®«®¢ë¬¨":

s(α,n, v) =

= −nv+dnαeb−
∑

0�j<dnαe

(b jα ′c−b jα ′−v ′c)−S+f0 ¨«¨ 1g .

�­â¥à¥á­®. �¬¥áâ®  ­ «¨â¨ç¥áª®£® ¢¨¤  ¬ë ¯®«ãç ¥¬ áã¬¬ã, ª®-
â®à ï ¨¬¥¥â ¢¨¤, ¯®å®¦¨© ­  s(α,n, v), ­® á ¨­ë¬¨ ¯ à ¬¥âà ¬¨:

� ¯¨áì f 0 ¨«¨ 1 g
®§­ ç ¥â ­¥çâ®,
à ¢­®¥ 0 «¨¡® 1 ;
­¥â á¬ëá«  á¢ï§ë-
¢ âì á¥¡ï ¤¥â «ï-
¬¨, ­¥ ¨¬¥îé¨¬¨
­¨ª ª®£® §­ ç¥­¨ï. α ′ ¢¬¥áâ® α, dnαe ¢¬¥áâ® n ¨ v ′ ¢¬¥áâ® v. � çâ® ¥á«¨ ¯®«ã-

ç¨âì à¥ªãàà¥­â­®¥ á®®â­®è¥­¨¥ ¤«ï s(α,n, v), ª®â®à®¥, ª ª ¬ë
­ ¤¥¥¬áï, ¯à¨¢¥¤¥â ª à¥ªãàà¥­â­®¬ã á®®â­®è¥­¨î ¤«ï ®âª«®-
­¥­¨ï D(α,n)? �â® ®§­ ç ¥â, çâ® ¬ë å®â¨¬ ¢¢¥áâ¨ ¢ ¤¥©áâ¢¨¥
áã¬¬ã

s(α ′, dnαe, v ′) =
∑

0�j<dnαe

(b jα ′c− b jα ′ − v ′c− v ′),

¯®«ãç ï à¥ªãàà¥­â­®áâì

s(α,n, v) =

= −nv+ dnαeb− dnαev ′ − s(α ′, dnαe, v ′) − S+ f0 ¨«¨ 1g .

�á¯®¬¨­ ï, çâ® b−v ′ = vα−1, ¬ë ®¡­ àã¦¨¢ ¥¬, çâ® ¢á¥ ¯à¥ªà -
á­® ã¯à®áâ¨âáï, ¥á«¨ ¬ë § ¬¥­¨¬ dnαe(b−v ′) ­  nα(b−v ′) = nv:

s(α,n, v) = −s(α ′, dnαe, v ′) − S+ ε+ f0 ¨«¨ 1g .

�¤¥áì ε| ¯®«®¦¨â¥«ì­ ï ®è¨¡ª , ¬¥­ìè ï vα−1. � ã¯à. 18 ¤®-
ª §ë¢ ¥âáï, çâ® ¯®¤®¡­® ¥© S «¥¦¨â ¢ ¯à¥¤¥« å ®â 0 ¤® dvα−1e.
�®¦­® â ª¦¥ ã¤ «¨âì ¨§ áã¬¬ë ç«¥­ j = dnαe − 1 = bnαc, ¯®-
áª®«ìªã ¥£® ¢­¥á¥­¨¥ ¢ áã¬¬ã | «¨¡® v ′, «¨¡® v ′ − 1. �«¥¤®¢ -
â¥«ì­®, ¥á«¨ ¬ë ¡¥à¥¬ ¬ ªá¨¬ã¬  ¡á®«îâ­ëå §­ ç¥­¨© ¯® ¢á¥¬
v, â® ¯®«ãç ¥¬

D(α,n) � D(α ′, bαnc) + α−1 + 2 . (3.31)

�¥â®¤ë, ª®â®àë¥ ¬ë ¡ã¤¥¬ ¨§ãç âì ¢ ¯®á«¥¤ãîé¨å £« ¢ å, ¯®§-
¢®«ïîâ á¤¥« âì ¨§ íâ®£® à¥ªãàà¥­â­®£® á®®â­®è¥­¨ï ¢ë¢®¤
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® â®¬, çâ® D(α,n) ¢á¥£¤  £®à §¤® ¬¥­ìè¥ n, ¥á«¨ n ¤®áâ â®ç­®
¢¥«¨ª®. �«¥¤®¢ â¥«ì­®, â¥®à¥¬  (3.28) á¯à ¢¥¤«¨¢ ; ®¤­ ª® áå®-
¤¨¬®áâì ª ¯à¥¤¥«ã ­¥ ¢á¥£¤  ®ç¥­ì ¡ëáâà ï (á¬. ã¯à. 9.45 ¨ 9.61).

�ã ¢®â, íâ® ¡ë«® ¢á¥£® «¨èì ­¥¡®«ìè®¥ ã¯à ¦­¥­¨¥ ¯® à -
¡®â¥ á áã¬¬ ¬¨, ¯®« ¬¨ ¨ ¯®â®«ª ¬¨. �¨â â¥«ï¬, ­¥ ¯à¨ãç¥­-
­ë¬ \¤®ª §ë¢ âì, çâ® ¯®£à¥è­®áâ¨ ­¥¢¥«¨ª¨", âàã¤­® ¯®¢¥à¨âì

?

�®á ¤ª 

¢ â®, çâ® ã ª®£®-â® å¢ â ¥â á¬¥«®áâ¨ ­¥ ®âáâã¯ âì ¯¥à¥¤ â ª¨¬¨
áâà è­ë¬¨ áã¬¬ ¬¨. �  á ¬®¬ ¤¥«¥ ¢â®à®© ¢§£«ï¤ ¯®ª §ë¢ ¥â,
çâ® ¢á¥ íâ® ¢ëç¨á«¥­¨¥ ¯à®­¨§ë¢ ¥â ®¤­  ¯à®áâ ï ¬ëá«ì. �á-
­®¢­ ï ¨¤¥ï ¢ â®¬, çâ® ­¥ª®â®à ï áã¬¬  s(α,n, v) ¨§ n ç«¥­®¢
¬®¦¥â ¡ëâì á¢¥¤¥­  ª  ­ «®£¨ç­®© áã¬¬¥ ¨§ ­¥ ¡®«¥¥ ç¥¬ dαne
ç«¥­®¢. �á¥ ®áâ «ì­®¥ á¢®¤¨âáï ­  ­¥â, §  ¨áª«îç¥­¨¥¬ ­¥¡®«ì-
è®£® ®áâ âª , ®¡à §®¢ ­­®£® ¨§ ¡«¨§ª¨å ª £à ­¨ç­ë¬ ç«¥­®¢.

�¤®å­¨â¥ ¯®£«ã¡¦¥ | á¥©ç á ¬ë ¢ëç¨á«¨¬ ¥é¥ ®¤­ã áã¬¬ã,
ª®â®à ï, ­¥á¬®âàï ­  á¢®î ­¥âà¨¢¨ «ì­®áâì, ®¡« ¤ ¥â â¥¬ ¯à¥-
¨¬ãé¥áâ¢®¬ (¯® áà ¢­¥­¨î á â®«ìª® çâ® ¢ëç¨á«¥­­®©), çâ® ¢ë-
à ¦ ¥âáï ¢  ­ «¨â¨ç¥áª®¬ ¢¨¤¥, â ª çâ® ¬®¦­® «¥£ª® ¯à®¢¥à¨âì
¯®«ãç¥­­ë© ®â¢¥â. �¥¯¥àì ­ è  § ¤ ç  ¡ã¤¥â á®áâ®ïâì ¢ ®¡®¡é¥-
­¨¨ áã¬¬ë ¢ (3.26). � ¬ âà¥¡ã¥âáï ­ ©â¨ ¢ëà ¦¥­¨¥ ¤«ï

∑

0�k<m

⌊
nk+ x

m

⌋
, m, n| æ¥«ë¥, m > 0.

�®¨áª íâ®© áã¬¬ë ¢  ­ «¨â¨ç¥áª®¬ ¢¨¤¥ | ªà¥¯ª¨© ®à¥è¥ª, à §- �â® ¡®«¥¥ â¢¥à-
¤ ï áã¬¬  ¯®«®¢
¨«¨ áã¬¬  ¡®«¥¥
â¢¥à¤ëå ¯®«®¢?

£àë§âì ª®â®àë© ¯®âàã¤­¥¥, ç¥¬ â¥, á ª®â®àë¬¨ ¬ë ¨¬¥«¨ ¤¥«®
¤® á¨å ¯®à (§  ¨áª«îç¥­¨¥¬, ¢®§¬®¦­®, § ¤ ç¨ ®¡ ®âª«®­¥­¨¨,
á ª®â®à®© â®«ìª® çâ® à á¯à ¢¨«¨áì). �® íâ  § ¤ ç  ­ áâ®«ìª®
¯®ãç¨â¥«ì­ , çâ® ¬ë ¯à®¢®§¨¬áï á ­¥© ¤® ª®­æ  £« ¢ë. �à¥¤ã¯à¥¦¤ ¥¬:

íâ® â®«ìª® ­ ç «®
âï­ãé¥£®áï ¤® ª®­-
æ  £« ¢ë à¥è¥­¨ï
¤«¨­­®© ¨ á«®¦­®©
§ ¤ ç¨, ¤«ï à¥è¥-
­¨ï ª®â®à®© ­¥â
¤àã£¨å ¯®¢®¤®¢,
ªà®¬¥ «î¡®¯ëâ-
áâ¢ .

| �âã¤¥­âë

�®¦­® á®£« á¨âì-
áï. �® çâ® íâ® § 
¯®ª®«¥­¨¥, ª®â®-
à®¬ã ¢á¥£¤  âà¥-
¡ãîâáï ¯à ªâ¨-
ç¥áª ï ¯®«ì§  ¨
¯à¨¡ë«ì? �¥ã¦¥-
«¨ ¢ ¢ á ã¬¥à« 
«î¡®§­ â¥«ì­®áâì?

� ª ®¡ëç­®, ®á®¡¥­­® ¯à¨ à¥è¥­¨¨ âàã¤­ëå § ¤ ç, ­ ç­¥¬
á à áá¬®âà¥­¨ï ¯à®áâëå ªà ©­¨å á«ãç ¥¢. � áâ­ë© á«ãç © n = 1

¯à¥¤áâ ¢«ï¥â á®¡®© â®¦¤¥áâ¢® (3.26), ¢ ª®â®à®¬ x § ¬¥­¥­®
­  x/m:

⌊ x

m

⌋
+

⌊
1+ x

m

⌋
+ · · ·+

⌊
m− 1+ x

m

⌋
= bxc .

�, ª ª ¢ £« ¢¥ 1, ¨¬¥¥â á¬ëá« ¯®«ãç¨âì ¤®¯®«­¨â¥«ì­ãî ¨­ä®à-
¬ æ¨î, ®¡à â¨¢è¨áì ª á«ãç î n = 0:

⌊ x

m

⌋
+
⌊ x

m

⌋
+ · · ·+

⌊ x

m

⌋
= m

⌊ x

m

⌋
.

� § ¤ ç¨ ¤¢  ¯ à ¬¥âà  | m ¨ n; ¤ ¢ ©â¥ à áá¬®âà¨¬ ¬ «ë¥
á«ãç ¨ ¤«ï ¯ à ¬¥âà  m. �à¨ m = 1 áã¬¬  á®áâ®¨â ¨§ ¥¤¨­áâ¢¥­-
­®£® ç«¥­  bxc. �á«¨ ¦¥ m = 2, áã¬¬  à ¢­  bx/2c+ b(x+ n)/2c.
�®¦­® ¨§¡ ¢¨âìáï ®â ¢§ ¨¬®¤¥©áâ¢¨ï x ¨ n, ¥á«¨ ¢ë­¥áâ¨ n § 
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§­ ª äã­ªæ¨¨ \¯®«", ­®, çâ®¡ë á¤¥« âì íâ®, ­ ¤® ¯® ®â¤¥«ì­®áâ¨
à áá¬®âà¥âì á«ãç ¨ ç¥â­®£® ¨ ­¥ç¥â­®£® n. �á«¨ n ç¥â­®¥, n/2|
æ¥«®¥ ç¨á«®, â ª çâ® ¬®¦­® ¢ë­¥áâ¨ ¥£® §  §­ ª ¯®« :

⌊x
2

⌋
+
(⌊x

2

⌋
+

n

2

)
= 2

⌊x
2

⌋
+

n

2
.

�á«¨ ¦¥ n ­¥ç¥â­®¥, â® (n− 1)/2| æ¥«®¥ ç¨á«®, ¨ ¬ë ¯®«ãç ¥¬

�â  áã¬¬  ¢®§­¨-
ª ¥â, ­ ¯à¨¬¥à,
¯à¨ ¨§ãç¥­¨¨ ¨
â¥áâ¨à®¢ ­¨¨ £¥­¥-
à æ¨¨ á«ãç ©­ëå
ç¨á¥«. �® ¬ â¥-
¬ â¨ª¨ à áá¬ â-
à¨¢ «¨ íâã áã¬¬ã
§ ¤®«£® ¤® ¯®ï¢«¥-
­¨ï ª®¬¯ìîâ¥à®¢,
¯®áª®«ìªã áç¨â «¨
á®¢¥àè¥­­® ¥áâ¥-
áâ¢¥­­ë¬ ¯®¨­â¥-
à¥á®¢ âìáï, ­¥â «¨
á¯®á®¡  ¯à®áã¬¬¨-
à®¢ âì  à¨ä¬¥â¨-
ç¥áªãî ¯à®£à¥á-
á¨î, \¯®áâ ¢«¥­-
­ãî ­  ¯®«".

| �à¥¯®¤ ¢ â¥«ì

⌊x
2

⌋
+

(⌊
x+ 1

2

⌋
+

n− 1

2

)
= bxc+ n− 1

2
.

�®á«¥¤­¨© è £ á«¥¤ã¥â ¨§ (3.26) ¯à¨ m = 2.
�â¨ ä®à¬ã«ë ¤«ï ç¥â­®£® ¨ ­¥ç¥â­®£® n ­¥¬­®£® ­ ¯®¬¨-

­ îâ ä®à¬ã«ë ¤«ï n = 0 ¨ 1, ­® ïá­®© § ª®­®¬¥à­®áâ¨ ¯®ª 
çâ® ­¥ ¢¨¤­®. �®íâ®¬ã ¤ ¢ ©â¥ ¯à®¤®«¦¨¬ à áá¬®âà¥­¨¥ ¬ «ëå
á«ãç ¥¢. �à¨ m = 3 áã¬¬  à ¢­ 

⌊x
3

⌋
+

⌊
x+ n

3

⌋
+

⌊
x+ 2n

3

⌋
,

¨ ¢®§¬®¦­ë âà¨ ¢ à¨ ­â  ¤«ï n: «¨¡® ®­® ªà â­® 3, «¨¡® ®­®
­  1 ¨«¨ ­  2 ¡®«ìè¥ ªà â­®£®, â.¥. n mod 3 = 0, 1 ¨«¨ 2. �á«¨
n mod 3 = 0, â® n/3 ¨ 2n/3| æ¥«ë¥ ç¨á« , â ª çâ® áã¬¬  à ¢­ 

⌊x
3

⌋
+
(⌊x

3

⌋
+

n

3

)
+

(⌊x
3

⌋
+

2n

3

)
= 3

⌊x
3

⌋
+ n .

�á«¨ n mod 3 = 1, â® (n − 1)/3 ¨ (2n − 2)/3| æ¥«ë¥ ç¨á« , â ª
çâ®

⌊x
3

⌋
+

(⌊
x+1

3

⌋
+
n− 1

3

)
+

(⌊
x+2

3

⌋
+
2n−2

3

)
= bxc+n−1 .

�®á«¥¤­¨© è £ ®¯ïâì á«¥¤ã¥â ¨§ (3.26), ­  íâ®â à § ¯à¨ m = 3.
� ­ ª®­¥æ, ¥á«¨ n mod 3 = 2, â®

⌊x
3

⌋
+

(⌊
x+2

3

⌋
+
n− 2

3

)
+

(⌊
x+1

3

⌋
+
2n− 1

3

)
= bxc+n−1 .

� è¨ «¥¢ë¥ ¯®«ãè à¨ï ¬®§£  ã¦¥ à §®¡à «¨áì á m = 3, ­®

\�ëâ«¨¢ë© ã¬ âà¥-
¡ã¥â ¯à¨­®áïé¥©
ã¤®¢«¥â¢®à¥­¨¥ ã¬-
áâ¢¥­­®© ¤¥ïâ¥«ì-
­®áâ¨ ª ª ­¥®¡å®-
¤¨¬®£® ãá«®¢¨ï
¥£® á®¢¥àè¥­áâ¢®-
¢ ­¨ï. \�¥®¡å®-
¤¨¬®áâì | ¨áâ®ç-
­¨ª ®âªàëâ¨©" |
¡¥áå¨âà®áâ­ ï ¯®-
£®¢®àª . \�¥®¡-
å®¤¨¬®áâì | ¨á-
â®ç­¨ª ¡¥á¯«®¤-
­ëå ãá¨«¨©" | íâ®
£®à §¤® ¡«¨¦¥ ª
¨áâ¨­¥. �á­®¢®©
à®áâ  á®¢à¥¬¥­­ëå
®âªàëâ¨© ï¢«ï-
¥âáï ­ ãª ,   ­ ã-
ª  ¯®çâ¨ æ¥«¨ª®¬
¯à®¨§à áâ ¥â ­ 
¯®ç¢¥ ã¤®¢«¥â¢®à¥-
­¨ï á®¡áâ¢¥­­®£®
«î¡®¯ëâáâ¢ ".

| �. �. � ©âå¥¤
(A. N. Whitehead)

[371]

¯à ¢ë¥ ¯®ª  ®âáâ îâ, â ª çâ® à áá¬®âà¨¬ á«ãç © m = 4:
⌊x
4

⌋
+

⌊
x+ n

4

⌋
+

⌊
x+ 2n

4

⌋
+

⌊
x+ 3n

4

⌋
.

� ª ¬¨­¨¬ã¬ â¥¯¥àì ¬ë §­ ¥¬ ¤®áâ â®ç­®, çâ®¡ë à áá¬®âà¥âì
á«ãç ¨, ®á­®¢ë¢ ïáì ­  §­ ç¥­¨¨ n mod m. �á«¨ n mod 4 = 0, â®

⌊x
4

⌋
+
(⌊x

4

⌋
+
n

4

)
+

(⌊x
4

⌋
+
2n

4

)
+

(⌊x
4

⌋
+
3n

4

)
= 4

⌊x
4

⌋
+
3n

2
.
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� ¥á«¨ n mod 4 = 1, â®
⌊x
4

⌋
+

(⌊
x+1

4

⌋
+

n−1

4

)
+

(⌊
x+2

4

⌋
+

2n−2

4

)
+

+

(⌊
x+3

4

⌋
+

3n−3

4

)
= bxc+ 3n

2
−

3

2
.

�«ãç © n mod 4 = 3, ®ª §ë¢ ¥âáï, ¤ ¥â â®â ¦¥ ®â¢¥â. � ª®­¥æ,
¢ á«ãç ¥ n mod 4 = 2 ¬ë ¯®«ãç ¥¬ ­¥çâ® ­¥áª®«ìª® ¨­®¥, ®ª §ë-
¢ îé¥¥áï ¢ ¦­ë¬ ª«îç®¬ ª ãáâ ­®¢«¥­¨î ¯®¢¥¤¥­¨ï ¢ ®¡é¥¬
á«ãç ¥:

⌊x
4

⌋
+

(⌊
x+2

4

⌋
+
n−2

4

)
+

(⌊x
4

⌋
+
2n

4

)
+

(⌊
x+2

4

⌋
+
3n−2

4

)
=

= 2

(⌊x
4

⌋
+

⌊
x+2

4

⌋)
+
3n

2
−1 = 2

⌊x
2

⌋
+
3n

2
−1 .

�  ¯®á«¥¤­¥¬ è £¥ ¢ë¯®«­ï¥âáï ã¯à®é¥­¨¥ ¢ëà ¦¥­¨ï, ¨¬¥î-
é¥£® ¢¨¤ by/2c+ b(y+ 1)/2c, çâ® ®¯ïâì ¯à¥¤áâ ¢«ï¥â á®¡®© ç áâ-
­ë© á«ãç © (3.26).

�®â á¢®¤ª  §­ ç¥­¨© ­ è¥© áã¬¬ë ¯à¨ ¬ «ëå §­ ç¥­¨ïå m:

m n mod m = 0 n mod m = 1 n mod m = 2 n mod m = 3

1
⌊
x
⌋

2 2
⌊x
2

⌋
+

n

2
bxc+ n

2
−

1

2

3 3
⌊x
3

⌋
+ n bxc+ n − 1 bxc+ n − 1

4 4
⌊x
4

⌋
+

3n

2
bxc+ 3n

2
−

3

2
2
⌊x
2

⌋
+

3n

2
− 1 bxc+ 3n

2
−

3

2

�â® ¢ë£«ï¤¨â â ª, ª ª ¥á«¨ ¡ë ã ­ á ¡ë«® ­¥çâ®, ¨¬¥îé¥¥ ¢¨¤

a
⌊ x
a

⌋
+ bn+ c ,

£¤¥ a, b ¨ c ­¥ª®â®àë¬ ®¡à §®¬ § ¢¨áïâ ®â m ¨ n. � ¦¥ ¡«¨§®-
àãª¨¥ ¬®£ãâ ã¢¨¤¥âì, çâ® b, ¢¥à®ïâ­®, à ¢­® (m− 1)/2. �àã¤­¥¥
à §£«ï¤¥âì ¢ëà ¦¥­¨¥ ¤«ï a; ­® á«ãç © n mod 4 = 2 ¯®¤áª -
§ë¢ ¥â ­ ¬, çâ®, ¢¥à®ïâ­®, a ¯à¥¤áâ ¢«ï¥â á®¡®© ���(m,n)|
­ ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì m ¨ n. �â® ­¥ «¨è¥­® á¬ëá« , â ª
ª ª ���(m,n)| íâ® â®â ¬­®¦¨â¥«ì, ª®â®àë© ¬ë ã¡¨à ¥¬ ¨§ m

¨ n ¯à¨ ¯à¨¢¥¤¥­¨¨ ¤à®¡¨ n/m ª ­¥á®ªà â¨¬®©,   ­ è  áã¬¬ 
¢ª«îç ¥â ¢ á¥¡ï ¤à®¡ì n/m. (�¯¥à æ¨¨ á ­ ¨¡®«ìè¨¬ ®¡é¨¬
¤¥«¨â¥«¥¬ ¡ã¤ãâ ¤¥â «ì­® à áá¬ âà¨¢ âìáï ¢ £« ¢¥ 4.) �­ ç¥-
­¨¥ c ª ¦¥âáï ¡®«¥¥ § £ ¤®ç­ë¬, ­® ¡ã¤¥¬ ­ ¤¥ïâìáï, çâ® ®­®
¯®«ãç¨âáï ¯à¨ ¤®ª § â¥«ìáâ¢¥ ­ è¨å ¯à¥¤¯®«®¦¥­¨© ®¡ a ¨ b.
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�ëç¨á«ïï áã¬¬ã ¯à¨ ¬ «ëå m, ¬ë, ¯® áãâ¨, ¯¥à¥¯¨á «¨ ª -
¦¤ë© ¥¥ ç«¥­ ¢ ¢¨¤¥

⌊
x+ kn

m

⌋
=

⌊
x+ kn mod m

m

⌋
+

kn

m
−

kn mod m

m
,

¯®áª®«ìªã (kn− kn mod m)/m| æ¥«®¥ ç¨á«®, ª®â®à®¥ ¬®¦¥â
¡ëâì ¢ë­¥á¥­® §  áª®¡ª¨ ¯®« . � ª¨¬ ®¡à §®¬, ¨áå®¤­ãî áã¬-
¬ã ¬®¦­® à §¢¥à­ãâì ¢ á«¥¤ãîéãî â ¡«¨æã:

⌊ x

m

⌋
+

0

m
−

0 mod m

m

+

⌊
x+ n mod m

m

⌋
+

n

m
−

n mod m

m

+

⌊
x+ 2n mod m

m

⌋
+

2n

m
−

2n mod m

m

...
...

...

+

⌊
x+ (m− 1)n mod m

m

⌋
+

(m− 1)n

m
−

(m− 1)n mod m

m
.

�à¨ íªá¯¥à¨¬¥­â å á ¬ «ë¬¨ §­ ç¥­¨ï¬¨ m íâ¨ áâ®«¡æë ¯à¨¢®-
¤¨«¨ ­ á á®®â¢¥âáâ¢¥­­® ª abx/ac, bn ¨ c.

� ç áâ­®áâ¨, â¥¯¥àì ¬®¦­® ¯®­ïâì, ®âªã¤  ¡¥à¥âáï b. �â®à®©
áâ®«¡¥æ ¯à¥¤áâ ¢«ï¥â á®¡®©  à¨ä¬¥â¨ç¥áªãî ¯à®£à¥áá¨î á ¨§¢¥-
áâ­®© ­ ¬ áã¬¬®©, ª®â®à ï à ¢­  áà¥¤­¥¬ã ¯¥à¢®£® ¨ ¯®á«¥¤­¥£®
ç«¥­®¢, ¯®¬­®¦¥­­®¬ã ­  ç¨á«® ç«¥­®¢:

1

2

(
0+

(m− 1)n

m

)
·m =

(m− 1)n

2
.

� ª çâ® ­ è  ¤®£ ¤ª  ® â®¬, çâ® b = (m− 1)/2, ¯à®¢¥à¥­  ¨ ¯®¤-
â¢¥à¦¤¥­ .

�¥à¢ë© ¨ âà¥â¨© áâ®«¡æë â ª «¥£ª® ­¥ á¤ îâáï; çâ®¡ë ®¯à¥-
¤¥«¨âì a ¨ c, ­ ¤® ¯®¢­¨¬ â¥«ì­¥¥ à áá¬®âà¥âì ¯®á«¥¤®¢ â¥«ì-
­®áâì ç¨á¥«

0 mod m, n mod m, 2n mod m, . . . , (m− 1)n mod m.

�à¥¤¯®«®¦¨¬, ­ ¯à¨¬¥à, çâ® m = 12 ¨ n = 5. �á«¨ ¯à¥¤-
áâ ¢¨âì íâã ¯®á«¥¤®¢ â¥«ì­®áâì ¢ ¢¨¤¥ æ¨ä¥à¡« â , â® íâ¨ ç¨á« 
¯à¥¤áâ ¢«ïîâ á®¡®© 0 ç á®¢ (¯à¨¬¥¬ 12 ç á®¢ §  0), § â¥¬ | 5 ç -
á®¢, 10 ç á®¢, 3 ç á  (= 15 ç á®¢), 8 ç á®¢ ¨ â.¤. �ª §ë¢ ¥âáï,
çâ® ª ¦¤ë© ç á ¢áâà¥ç ¥âáï â®«ìª® ®¤¨­ à §.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® m = 12 ¨ n = 8. �®£¤  ¤ ­­ë¥ ç¨-
á«  ¯à¥¤áâ ¢«ïîâ á®¡®© 0 ç á®¢, 8 ç á®¢, 4 ç á  (= 16 ç á®¢), ­®
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§ â¥¬ 0, 8 ¨ 4 ¯®¢â®àïîâáï. �®áª®«ìªã 8 ¨ 12 ªà â­ë 4 ¨ ç¨á« 
­ ç¨­ îâáï á 0 (â®¦¥ ªà â­®£® 4), ¢ëà¢ âìáï ¨§ íâ®£® § ¬ª­ãâ®£®
ªàã£  ­¥¢®§¬®¦­® | ¢á¥ ç¨á«  ¤®«¦­ë ¡ëâì ªà â­ë 4.

� íâ¨å ¤¢ãå á«ãç ïå ¬ë ¨¬¥¥¬ ���(12, 5) = 1

¨ ���(12, 8) = 4. �¡é¥¥ ¯à ¢¨«®, ª®â®à®¥ ¡ã¤¥â ¤®ª § ­® ¢ á«¥-
¤ãîé¥© £« ¢¥, £« á¨â, çâ® ¥á«¨ d = ���(m,n), â® ¬ë ¯®«ãç ¥¬ �­ ç «  «¥¬¬ ,

§ â¥¬ ¤¨«¥¬¬ .ç¨á«  0, d, 2d, . . . , m−d ¢ ­¥ª®â®à®¬ ¯®àï¤ª¥, §  ª®â®àë¬¨ á«¥-
¤ã¥â ¥é¥ d−1 ª®¯¨© â®© ¦¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨. � ¯à¨¬¥à, ¯à¨
m = 12 ¨ n = 8 ­ ¡®à 0, 8, 4 ¢áâà¥ç ¥âáï ç¥âëà¥ à § .

�¥à¢ë© áâ®«¡¥æ ­ è¥© áã¬¬ë ¯à¨®¡à¥â ¥â á¬ëá«. �­ á®-
¤¥à¦¨â d ª®¯¨© ç«¥­®¢ bx/mc, b(x+ d)/mc, . . . , b(x+m− d)/mc
¢ ­¥ª®â®à®¬ ¯®àï¤ª¥, â ª çâ® ¨å áã¬¬  à ¢­ 

d

(⌊ x

m

⌋
+

⌊
x+ d

m

⌋
+ · · ·+

⌊
x+m− d

m

⌋)
=

= d

(⌊
x/d

m/d

⌋
+

⌊
x/d + 1

m/d

⌋
+ · · ·+

⌊
x/d + m/d − 1

m/d

⌋)
=

= d
⌊ x
d

⌋
.

�¤¥áì ¯®á«¥¤­¨© è £ § ª«îç ¥âáï ¢ ¥é¥ ®¤­®¬ ¯à¨¬¥­¥­¨¨
(3.26). � è  ¤®£ ¤ª  ®â­®á¨â¥«ì­® a â ª¦¥ ¯à®¢¥à¥­  ¨ ¯®¤-
â¢¥à¦¤¥­ :

a = d = ���(m,n) .

� ª ¬ë ¨ ¯à¥¤¯®« £ «¨, â¥¯¥àì ¬ë ¬®¦¥¬ ¢ëç¨á«¨âì c, ¯®-
áª®«ìªã âà¥â¨© áâ®«¡¥æ áâ ­®¢¨âáï ¯®­ïâ¥­ | ®­ á®¤¥à¦¨â d ª®-
¯¨©  à¨ä¬¥â¨ç¥áª®© ¯à®£à¥áá¨¨ 0/m, d/m, 2d/m, . . . , (m−d)/m,
â ª çâ® ¨å áã¬¬  à ¢­ 

d

(
1

2

(
0+

m− d

m

)
· m
d

)
=

m− d

2
.

�®áª®«ìªã ¢ âà¥âì¥¬ áâ®«¡æ¥ ç«¥­ë ­¥ áª« ¤ë¢ îâáï,   ¢ëç¨â -
îâáï, ¯®«ãç ¥¬

c =
d−m

2
.

�ã¤¥á  ¨ ¯à¨ª«îç¥­¨ï § ª®­ç¥­ë. �®â ¨áª®¬ë©  ­ «¨â¨ç¥-
áª¨© ¢¨¤:

∑

0�k<m

⌊
nk+ x

m

⌋
= d

⌊ x
d

⌋
+

m− 1

2
n +

d−m

2
,
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£¤¥ d = ���(m,n). �«ï ¯à®¢¥àª¨ ¬®¦­® ã¡¥¤¨âìáï, çâ® íâ 
ä®à¬ã«  à ¡®â ¥â ¤«ï ç áâ­ëå á«ãç ¥¢ n = 0 ¨ n = 1, á ª®-
â®àë¬¨ ¬ë ¢áâà¥ç «¨áì à ­¥¥. �à¨ n = 0 ¬ë ¯®«ãç ¥¬ d =

���(m, 0) = m; ¤¢  ¯®á«¥¤­¨å ç«¥­  ®¡à é îâáï ¢ ­ã«ì, â ª
çâ® ä®à¬ã«  ¤ ¥â ¢¥à­ë© ®â¢¥â mbx/mc. �à¨ n = 1 ¬ë ¯®«ã-
ç ¥¬ d = ���(m, 1) = 1; ¤¢  ¯®á«¥¤­¨å ç«¥­  á®ªà é îâáï, ¨
áã¬¬  à ¢­  ¯à®áâ® bxc.

�¥¬­®£® ¯®¢®§¨¢è¨áì á  ­ «¨â¨ç¥áª®© § ¯¨áìî, ¥¥ ¬®¦­®
¤ ¦¥ á¤¥« âì á¨¬¬¥âà¨ç­®© ®â­®á¨â¥«ì­® m ¨ n:

∑

0�k<m

⌊
nk+ x

m

⌋
= d

⌊ x
d

⌋
+

m− 1

2
n +

d−m

2
=

= d
⌊ x
d

⌋
+

(m− 1)(n− 1)

2
+

m− 1

2
+

d−m

2
=

= d
⌊ x
d

⌋
+

(m− 1)(n− 1)

2
+

d− 1

2
. (3.32)

�â® ­¥¬­®£® ­¥®¦¨¤ ­­®, ¯®áª®«ìªã ­¥â ­¨ª ª¨å  «£¥¡à ¨ç¥á-�á¥, ï ¯®¢¥à¦¥­ ­ 
¯®«. . . ª¨å ¯à¨ç¨­ ¯®¤®§à¥¢ âì â ªãî á¨¬¬¥âà¨î. �ë ¤®ª § «¨ \§ ª®­

¢§ ¨¬­®áâ¨"
∑

0�k<m

⌊
nk+ x

m

⌋
=

∑

0�k<n

⌊
mk+ x

n

⌋
, æ¥«ë¥ m,n > 0.

� ¯à¨¬¥à, ¥á«¨ m = 41 ¨ n = 127, «¥¢ ï áã¬¬  á®áâ®¨â ¨§ 41 ç«¥-
­ ,   ¯à ¢ ï | ¨§ 127; ­® ®­¨ ®áâ îâáï à ¢­ë¬¨ ¯à¨ «î¡®¬ ¤¥©-
áâ¢¨â¥«ì­®¬ x.

�¯à ¦­¥­¨ï
� §¬¨­ª 
1 �­ «¨§¨àãï § ¤ çã �®á¨ä  ¢ £« ¢¥ 1, ¬ë ¯à¥¤áâ ¢«ï«¨ ¯à®-

¨§¢®«ì­®¥ ¯®«®¦¨â¥«ì­®¥ æ¥«®¥ ç¨á«® n ¢ ¢¨¤¥ n = 2m + l,
£¤¥ 0 � l < 2m. �à¨¢¥¤¨â¥ ï¢­ë¥ ä®à¬ã«ë ¤«ï l ¨ m ª ª
äã­ªæ¨© ®â n á ¨á¯®«ì§®¢ ­¨¥¬ áª®¡®ª ¯®«  ¨/¨«¨ ¯®â®«ª .

2 � ª®© ¢¨¤ ¨¬¥¥â ä®à¬ã«  ¤«ï ¡«¨¦ ©è¥£® æ¥«®£® ª ¤ ­­®-
¬ã ¤¥©áâ¢¨â¥«ì­®¬ã ç¨á«ã x? �à¨¢¥¤¨â¥ ä®à¬ã«ë, ª®â®àë¥
¢ á«ãç ¥ \à ¢­®¢¥á¨ï", ª®£¤  x ­ å®¤¨âáï à®¢­® ¯®áà¥¤¨­¥ ¬¥-
¦¤ã ¤¢ã¬ï æ¥«ë¬¨ ç¨á« ¬¨, ®ªàã£«ïîâ à¥§ã«ìâ â ( ) ¢ áâ®-
à®­ã ã¢¥«¨ç¥­¨ï, ¤® dxe; (¡) ¢ áâ®à®­ã ã¬¥­ìè¥­¨ï, ¤® bxc.

3 �ëç¨á«¨â¥
⌊bmαcn/α⌋, £¤¥ m ¨ n| ¯®«®¦¨â¥«ì­ë¥ æ¥«ë¥

ç¨á« ,   α| ¨àà æ¨®­ «ì­®¥ ç¨á«®, ¡®«ìè¥¥ n.
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4 � £« ¢¥ ®¯¨á ­ë § ¤ ç¨ á ¯¥à¢®£® ¯® ¯ïâë© ãà®¢¥­ì. � çâ®
á®¡®© ¯à¥¤áâ ¢«ï¥â § ¤ ç  ­ã«¥¢®£® ãà®¢­ï? (�áâ â¨, íâ®
ã¯à ¦­¥­¨¥ | § ¤ ç  ­¥ ­ã«¥¢®£® ãà®¢­ï.)

5 � ©¤¨â¥ ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ â®£®, çâ® bnxc =
nbxc, £¤¥ n| ¯®«®¦¨â¥«ì­®¥ æ¥«®¥ ç¨á«®. (� è¥ ãá«®¢¨¥
¤®«¦­® ¢ª«îç âì fxg.)

6 �â® ¨­â¥à¥á­®£® ¬®¦­® áª § âì ®¡ bf(x)c, £¤¥ f(x)| ­¥¯à¥-
àë¢­ ï ¬®­®â®­­® ã¡ë¢ îé ï äã­ªæ¨ï, ª®â®à ï ¯à¨­¨¬ -
¥â æ¥«ë¥ §­ ç¥­¨ï, â®«ìª® ª®£¤  x| æ¥«®¥ ç¨á«®?

7 �¥è¨â¥ à¥ªãàà¥­â­®¥ á®®â­®è¥­¨¥

Xn = n ¯à¨ 0 � n < m;
Xn = Xn−m + 1 ¯à¨ n � m.

8 �®ª ¦¨â¥ ¯à¨­æ¨¯ ïé¨ª®¢ �¨à¨å«¥ : ¥á«¨ n ¯à¥¤¬¥â®¢
à §¬¥é îâáï ¢ m ïé¨ª å, â® ­¥ª®â®àë© ïé¨ª ¤®«¦¥­ á®-
¤¥à¦ âì � dn/me ¯à¥¤¬¥â®¢,   ¤àã£®© | � bn/mc ¯à¥¤¬¥-
â®¢.

9 �£¨¯¥âáª¨¥ ¬ â¥¬ â¨ª¨ ¢ 1800 £. ¤® ­.í. ¯à¥¤áâ ¢«ï«¨ à æ¨-
®­ «ì­ë¥ ç¨á«  ¬¥¦¤ã 0 ¨ 1 ª ª áã¬¬ã \¥¤¨­¨ç­ëå ¤à®-
¡¥©" 1/x1+· · ·+1/xk, £¤¥ ¢á¥ x| à §«¨ç­ë¥ ¯®«®¦¨â¥«ì­ë¥
æ¥«ë¥ ç¨á« . � ¯à¨¬¥à, ®­¨ § ¯¨áë¢ «¨ 1

3
+ 1

15
¢¬¥áâ® 2

5
.

�®ª ¦¨â¥, çâ® ¢á¥£¤  ¨¬¥¥âáï ¢®§¬®¦­®áâì á¨áâ¥¬ â¨ç¥áª®©
§ ¯¨á¨ á«¥¤ãîé¨¬ ®¡à §®¬: ¥á«¨ 0 < m/n < 1, â®

m

n
=

1

q
+

{
¯à¥¤áâ ¢«¥­¨¥ m

n
−

1

q

}
, q =

⌈ n

m

⌉
.

(�â®  «£®à¨â¬ �¨¡®­ çç¨, ®âªàëâë© �¥®­ à¤® �¨¡®­ ç-
ç¨ (Leonardo Fibonacci) ¢ 1202 £®¤ã.)

�¡ï§ â¥«ì­ë¥ ã¯à ¦­¥­¨ï
10 �®ª ¦¨â¥, çâ® ¢ëà ¦¥­¨¥

⌈
2x+ 1

2

⌉
−

⌈
2x+ 1

4

⌉
+

⌊
2x+ 1

4

⌋

¢á¥£¤  à ¢­® «¨¡® bxc, «¨¡® dxe. �à¨ ª ª¨å ãá«®¢¨ïå ¯®«ã-
ç ¥âáï â®â ¨«¨ ¨­®© á«ãç ©?

11 �à¨¢¥¤¨â¥ ¤¥â «¨ ¯à¥¤áâ ¢«¥­­®£® ¢ â¥ªáâ¥ ¤®ª § â¥«ìáâ¢ 
â®£®, çâ® ®âªàëâë© ¨­â¥à¢ « (α . . β) á®¤¥à¦¨â à®¢­® dβe −
bαc − 1 æ¥«ëå ç¨á¥« ¯à¨ α < β. �®ç¥¬ã ¤«ï ª®àà¥ªâ­®áâ¨
¤®ª § â¥«ìáâ¢  ­ã¦­® ¨áª«îç¨âì á«ãç © α = β?
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12 �®ª ¦¨â¥, çâ®
⌈ n

m

⌉
=

⌊
n+m− 1

m

⌋

¯à¨ «î¡®¬ æ¥«®¬ n ¨ «î¡®¬ ¯®«®¦¨â¥«ì­®¬ æ¥«®¬ m. (�â®
â®¦¤¥áâ¢® ¤ ¥â ¤àã£®© á¯®á®¡ ¯à¥¢à é¥­¨ï ¯®â®«ª®¢ ¢ ¯®«ë
¨ ®¡à â­® ¢¬¥áâ® ¯à¨¬¥­¥­¨ï à¥ä«¥ªá¨¢­®£® § ª®­  (3.4).)

13 �ãáâì α ¨ β| ¯®«®¦¨â¥«ì­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á« . �®-
ª ¦¨â¥, çâ® Spec(α) ¨ Spec(β) ®¡à §ãîâ à §¡¨¥­¨¥ ¢á¥å ¯®-
«®¦¨â¥«ì­ëå æ¥«ëå ç¨á¥« â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  α ¨ β

¨àà æ¨®­ «ì­ë ¨ 1/α+ 1/β = 1.
14 �®ª ¦¨â¥ ¨«¨ ®¯à®¢¥à£­¨â¥:

(x mod ny) mod y = x mod y ¯à¨ æ¥«®¬ n.

15 �¬¥¥âáï «¨ â®¦¤¥áâ¢®,  ­ «®£¨ç­®¥ (3.26), ¢ ª®â®à®¬ ¢¬¥áâ®
¯®«®¢ ¨á¯®«ì§ãîâáï ¯®â®«ª¨?

16 �®ª ¦¨â¥, çâ® n mod 2 =
(
1−(−1)n

)
/2. � ©¤¨â¥ ¨ ¤®ª ¦¨â¥

 ­ «®£¨ç­®¥ ¢ëà ¦¥­¨¥ ¤«ï n mod 3 ¢¨¤  a + bωn + cω2n,
£¤¥ ω| ª®¬¯«¥ªá­®¥ ç¨á«® (−1+i

√
3 )/2. �ª § ­¨¥ : ω3 = 1

¨ 1+ω+ω2 = 0.
17 �ëç¨á«¨â¥ áã¬¬ã

∑
0�k<mbx + k/mc ¢ á«ãç ¥ x � 0 ¯ãâ¥¬

¯®¤áâ ­®¢ª¨
∑

j[1� j� x+ k/m] ¢¬¥áâ® bx + k/mc á ¯®á«¥-
¤ãîé¨¬ áã¬¬¨à®¢ ­¨¥¬ á­ ç «  ¯® k. �®£« áã¥âáï «¨ ¢ è
®â¢¥â á (3.26)?

18 �®ª ¦¨â¥, çâ® ®áâ â®ç­ë© ç«¥­ S ¢ (3.30) ­¥ ¯à¥¢ëè ¥â
dα−1ve. �ª § ­¨¥ : ¯®ª ¦¨â¥, çâ® ¬ «ë¥ §­ ç¥­¨ï j ­¥ áã-
é¥áâ¢¥­­ë.

�®¬ è­¨¥ § ¤ ­¨ï
19 � ©¤¨â¥ ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ¤«ï ¤¥©áâ¢¨-

â¥«ì­®£® ç¨á«  b > 1, â ª®¥, çâ®

blogb xc =
⌊
logbbxc

⌋

á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å x � 1.
20 � ©¤¨â¥ áã¬¬ã ¢á¥å ªà â­ëå x ç¨á¥« ¢ § ¬ª­ãâ®¬ ¨­â¥à¢ «¥

[α . . β] ¯à¨ x > 0.
21 �ª®«ìª® ç¨á¥« ¢¨¤  2m, £¤¥ 0 � m �M, ­ ç¨­ îâáï ¢ ¤¥áï-

â¨ç­®© § ¯¨á¨ á æ¨äàë 1?
22 �ëç¨á«¨â¥ áã¬¬ë Sn =

∑
k�1

⌊
n/2k + 1

2

⌋
¨ Tn =

=
∑

k�1 2
k
⌊
n/2k + 1

2

⌋
2.
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23 �®ª ¦¨â¥, çâ® n-© í«¥¬¥­â ¯®á«¥¤®¢ â¥«ì­®áâ¨

1, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5, 5, 5, . . .

à ¢¥­
⌊√

2n+ 1
2

⌋
. (�®á«¥¤®¢ â¥«ì­®áâì ¢ª«îç ¥â ª ¦¤®¥ ç¨-

á«® m à®¢­® m à §.)
24 � ã¯à. 13 ãáâ ­®¢«¥­® ¨­â¥à¥á­®¥ á®®â­®è¥­¨¥ ¬¥¦¤ã ¬ã«ì-

â¨¬­®¦¥áâ¢ ¬¨ Spec(α) ¨ Spec
(
α/(α − 1)

)
, ª®£¤  α| ¨à-

à æ¨®­ «ì­®¥ ç¨á«® > 1, ¯®áª®«ìªã 1/α + (α − 1)/α = 1.
� ©¤¨â¥ (¨ ¤®ª ¦¨â¥) ¤àã£®¥ ¨­â¥à¥á­®¥ á®®â­®è¥­¨¥ ¬¥¦-
¤ã ¬ã«ìâ¨¬­®¦¥áâ¢ ¬¨ Spec(α) ¨ Spec

(
α/(α + 1)

)
, £¤¥ α|

¯à®¨§¢®«ì­®¥ ¯®«®¦¨â¥«ì­®¥ æ¥«®¥ ç¨á«®.
25 �®ª ¦¨â¥ ¨«¨ ®¯à®¢¥à£­¨â¥, çâ® ç¨á«  �­ãâ  (3.16) ã¤®¢-

«¥â¢®àïîâ ãá«®¢¨î Kn � n ¤«ï ¢á¥å ­¥®âà¨æ â¥«ì­ëå n.
26 �®ª ¦¨â¥, çâ® ¢á¯®¬®£ â¥«ì­ë¥ ç¨á«  �®á¨ä  (3.20) ã¤®¢-

«¥â¢®àïîâ ­¥à ¢¥­áâ¢ã
(

q

q− 1

)n

� D(q)
n � q

(
q

q− 1

)n

¯à¨ n � 0.

27 �®ª ¦¨â¥, çâ® áà¥¤¨ ç¨á¥« D
(3)
n , ®¯à¥¤¥«¥­­ëå ¢ (3.20), ¡¥á-

ª®­¥ç­® ¬­®£® ª ª ç¥â­ëå, â ª ¨ ­¥ç¥â­ëå.
28 �¥è¨â¥ à¥ªãàà¥­â­®¥ á®®â­®è¥­¨¥

a0 = 1 ;
an = an−1 + b√an−1c ¯à¨ n > 0.

29 �®ª ¦¨â¥ ¢ ¤®¯®«­¥­¨¥ ª (3.31), çâ® �â  ä®à¬ã« 
®âª«®­ï¥âáï ®â
(3.31).D(α,n) � D

(
α ′, bαnc)− α−1 − 2 .

30 �®ª ¦¨â¥, çâ® à¥ªãàà¥­â­®¥ á®®â­®è¥­¨¥

X0 = m,

Xn = X2
n−1 − 2 ¯à¨ n > 0

¨¬¥¥â à¥è¥­¨¥ Xn = dα2ne, ¥á«¨ m| æ¥«®¥ ç¨á«®, ¡®«ìè¥¥
2, £¤¥ α + α−1 = m ¨ α > 1. � ¯à¨¬¥à, ¥á«¨ m = 3, â®
à¥è¥­¨¥¬ ï¢«ï¥âáï

Xn = dφ2n+1 e , φ =
1+

√
5

2
, α = φ2 .

31 �®ª ¦¨â¥ ¨«¨ ®¯à®¢¥à£­¨â¥, çâ® bxc+ byc+ bx+yc � b2xc+
b2yc.



3 �¯à ¦­¥­¨ï 131

32 �¡®§­ ç¨¬ à ááâ®ï­¨¥ ®â x ¤® ¡«¨¦ ©è¥£® æ¥«®£® ª ª ‖x‖ =

min
(
x− bxc, dxe− x

)
. �¥¬ã à ¢­® §­ ç¥­¨¥

∑

k

2k
∥∥x/2k

∥∥2 ?

(�¡à â¨â¥ ¢­¨¬ ­¨¥, çâ® íâ  áã¬¬  ¬®¦¥â ¡ëâì ¤¢ ¦¤ë ¡¥á-
ª®­¥ç­®© (¢ ®¡¥ áâ®à®­ë). � ¯à¨¬¥à, ¯à¨ x = 1/3 ç«¥­ë
­¥­ã«¥¢ë¥ ª ª ¯à¨ k → −∞, â ª ¨ ¯à¨ k → +∞.)

�®­âà®«ì­ë¥ à ¡®âë

33 �  è å¬ â­®© ¤®áª¥ à §¬¥à®¬ 2n × 2n á¨¬¬¥âà¨ç­® ­ ç¥à-
ç¥­  ®ªàã¦­®áâì ¤¨ ¬¥âà®¬ 2n− 1; ¢®â ª ª®© ¢¨¤ íâ® ¨¬¥¥â
¯à¨ n = 3:

'$

&%

  �¥à¥§ áª®«ìª® ª«¥â®ª ¯à®å®¤¨â â ª ï ®ªàã¦­®áâì?
¡ � ©¤¨â¥ äã­ªæ¨î f(n, k), â ªãî, çâ® ¢­ãâà¨ ¤ ­­®© ®ª-

àã¦­®áâ¨ ¯®«­®áâìî ¯®¬¥é ¥âáï
∑n−1

k=1 f(n, k) ª«¥â®ª
¤®áª¨.

34 �ãáâì f(n) =
∑n

k=1dlg ke.
  � ©¤¨â¥  ­ «¨â¨ç¥áª¨© ¢¨¤ f(n) ¤«ï n � 1.
¡ �®ª ¦¨â¥, çâ® f(n) = n − 1 + f

(dn/2e) + f
(bn/2c) ¤«ï

¢á¥å n � 1.

35 �¯à®áâ¨â¥ ä®à¬ã«ã
⌊
(n+ 1)2n!e

⌋
mod n.�¯à®áâ¨â¥, ­® ¯à¨

íâ®¬ ­¥ ¨§¬¥­¨â¥
¥¥ §­ ç¥­¨¥. 36 � ¯à¥¤¯®«®¦¥­¨¨, çâ® n| ­¥®âà¨æ â¥«ì­®¥ æ¥«®¥ ç¨á«®,

­ ©¤¨â¥  ­ «¨â¨ç¥áª®¥ ¢ëà ¦¥­¨¥ áã¬¬ë

∑

1<k<22n

1

2blg kc4blg lg kc .

37 �®ª ¦¨â¥ â®¦¤¥áâ¢®
∑

0�k<m

(⌊m+ k

n

⌋
−
⌊ k
n

⌋)
=

=

⌊
m2

n

⌋
−

⌊
min

(
m mod n, (−m) mod n

)2
n

⌋

¤«ï ¢á¥å ¯®«®¦¨â¥«ì­ëå æ¥«ëå ç¨á¥« m ¨ n.
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38 �ãáâì x1, . . . , xn | ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á« , â ª¨¥, çâ® â®¦-
¤¥áâ¢®

n∑

k=1

bmxkc =

⌊
m

∑

1�k�n

xk

⌋

¢ë¯®«­ï¥âáï ¤«ï ¢á¥å ¯®«®¦¨â¥«ì­ëå æ¥«ëå ç¨á¥« m. �®-
ª ¦¨â¥ ª ª®¥-­¨¡ã¤ì ¨­â¥à¥á­®¥ á¢®©áâ¢® x1, . . . , xn.

39 �®ª ¦¨â¥, çâ® ¤¢®©­ ï áã¬¬ 
∑

0�k�logbx

∑

0<j<b

d(x+ jbk)/bk+1e

à ¢­  (b−1)
(blogb xc+1

)
+ dxe−1, ¤«ï ¢á¥å ¤¥©áâ¢¨â¥«ì­ëå

ç¨á¥« x � 1 ¯à¨ «î¡®¬ æ¥«®¬ b > 1.

40 �¯¨à «ì­ ï äã­ªæ¨ï σ(n), áå¥¬ â¨ç¥áª¨ ¯®ª § ­­ ï ­¨¦¥,
®â®¡à ¦ ¥â æ¥«®¥ ­¥®âà¨æ â¥«ì­®¥ ç¨á«® n ­  ã¯®àï¤®ç¥­-
­ãî ¯ àã æ¥«ëå ç¨á¥«

(
x(n), y(n)

)
. � ¯à¨¬¥à, ®­  ®â®¡à -

¦ ¥â n = 9 ­  ã¯®àï¤®ç¥­­ãî ¯ àã (1, 2).

� î¦­®¬ ¯®«ã-
è à¨¨ «î¤¨ ¨á-
¯®«ì§ãîâ á¯¨à «ì,
§ ªàãç¥­­ãî ¢ ®¡-
à â­ãî áâ®à®­ã.

-
x

6
y

r
r
r
r
r
r
r

r
r
r
r
r
r
r

r
r
r
r
r
r
r

r
r
r
r
r
r
r

r
r
r
r
r
r
r

r
r
r
r
r
r
r

r
r
r
r
r
r
r

0

12

3

4 5 6

7

8

9

6

  �®ª ¦¨â¥, çâ® ¥á«¨ m = b√nc, â®

x(n) =

= (−1)m
((

n−m(m+ 1)
) ·[b2√nc ç¥â­®¥

]
+ d1

2
me

)
,

¨ ­ ©¤¨â¥  ­ «®£¨ç­ãî ä®à¬ã«ã ¤«ï y(n). �ª § ­¨¥ :
à §¡¥©â¥ á¯¨à «ì ­  á¥£¬¥­âë Wk, Sk, Ek, Nk ¢ § ¢¨á¨-
¬®áâ¨ ®â §­ ç¥­¨ï b2√nc = 4k− 2, 4k− 1, 4k, 4k+ 1.

¡ �®ª ¦¨â¥, çâ®, ­ ®¡®à®â, ¬®¦­® ãáâ ­®¢¨âì §­ ç¥­¨¥ n

¨§ §­ ç¥­¨ï σ(n) ¯à¨ ¯®¬®é¨ ä®à¬ã«ë ¢¨¤ 
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n = (2k)2 ± (
2k+ x(n) + y(n)

)
,

k = max
(
jx(n)j, jy(n)j

)
.

�ª ¦¨â¥ ¯à ¢¨«®, ª®£¤  ¢¬¥áâ® ± ¤®«¦¥­ ¨á¯®«ì§®¢ âì-
áï §­ ª +,   ª®£¤  | §­ ª −.

�®¯®«­¨â¥«ì­ë¥ § ¤ ç¨

41 �ãáâì f ¨ g| ¢®§à áâ îé¨¥ äã­ªæ¨¨, ®¡« ¤ îé¨¥ â¥¬
á¢®©áâ¢®¬, çâ® ¬­®¦¥áâ¢  ff(1), f(2), . . . g ¨ fg(1), g(2), . . . g ®¡-
à §ãîâ à §¡¨¥­¨¥ ¢á¥å ¯®«®¦¨â¥«ì­ëå æ¥«ëå ç¨á¥«. �à¥¤-
¯®«®¦¨¬, çâ® f ¨ g á¢ï§ ­ë ãá«®¢¨¥¬ g(n) = f

(
f(n)

)
+ 1 ¯à¨

¢á¥å n > 0. �®ª ¦¨â¥, çâ® f(n) = bnφc ¨ g(n) = bnφ2c, £¤¥
φ = (1+

√
5 )/2.

42 �ãé¥áâ¢ãîâ «¨ ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á«  α, β ¨ γ, â ª¨¥, çâ®
Spec(α), Spec(β) ¨ Spec(γ) á®¢¬¥áâ­® ®¡à §ãîâ à §¡¨¥­¨¥
¬­®¦¥áâ¢  ¯®«®¦¨â¥«ì­ëå æ¥«ëå ç¨á¥«?

43 � ©¤¨â¥ ¨­â¥à¥á­ãî ¨­â¥à¯à¥â æ¨î ç¨á¥« �­ãâ , à §¢®à -
ç¨¢ ï à¥ªãàà¥­â­®¥ á®®â­®è¥­¨¥ (3.16).

44 �®ª ¦¨â¥ ­ «¨ç¨¥ æ¥«ëå ç¨á¥« a
(q)
n ¨ d

(q)
n , â ª¨å, çâ®

a(q)
n =

D
(q)
n−1 + d

(q)
n

q− 1
=

D
(q)
n + d

(q)
n

q
¯à¨ n > 0,

£¤¥ D
(q)
n ï¢«ï¥âáï à¥è¥­¨¥¬ à¥ªãàà¥­â­®£® á®®â­®è¥­¨ï

(3.20). �®á¯®«ì§ã©â¥áì íâ¨¬ ä ªâ®¬ ¤«ï à¥è¥­¨ï ®¡®¡é¥­-
­®© § ¤ ç¨ �®á¨ä :

Jq(n) = 1+ d
(q)
k + q(n− a

(q)
k ) ¤«ï a

(q)
k � n < a

(q)
k+1.

45 �à¨¬¥­¨â¥ ¯à¨¥¬ ¨§ ã¯à. 30 ¤«ï ­ å®¦¤¥­¨ï à¥è¥­¨ï à¥-
ªãàà¥­â­®£® á®®â­®è¥­¨ï

Y0 = m,

Yn = 2Y2
n−1 − 1 ¯à¨ n > 0

¢  ­ «¨â¨ç¥áª®¬ ¢¨¤¥, ¥á«¨ m| ¯®«®¦¨â¥«ì­®¥ æ¥«®¥
ç¨á«®.

46 �®ª ¦¨â¥, çâ® ¥á«¨ n =
⌊(√

2
l
+
√
2
l−1)

m
⌋
, £¤¥ m ¨ l| ­¥-

®âà¨æ â¥«ì­ë¥ æ¥«ë¥ ç¨á« , â®
⌊√

2n(n+ 1)
⌋
=

⌊(√
2
l+1

+√
2
l)
m
⌋
. �á¯®«ì§ã©â¥ íâ® § ¬¥ç â¥«ì­®¥ á¢®©áâ¢® ¤«ï ¯®¨á-

ª  à¥è¥­¨ï à¥ªãàà¥­â­®£® á®®â­®è¥­¨ï
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L0 = a , æ¥«®¥ a > 0;
Ln =

⌊√
2Ln−1(Ln−1 + 1)

⌋
¤«ï n > 0

¢  ­ «¨â¨ç¥áª®¬ ¢¨¤¥. �ª § ­¨¥ :
⌊√

2n(n+ 1)
⌋
=

⌊√
2(n+

1

2
)
⌋
.

47 �®¢®àïâ, çâ® äã­ªæ¨ï f(x) à¥¯«¨ª â¨¢­ , ¥á«¨ ®­  ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨î

f(mx) = f(x) + f
(
x+

1

m

)
+ · · ·+ f

(
x+

m− 1

m

)

¤«ï «î¡®£® ¯®«®¦¨â¥«ì­®£® æ¥«®£® ç¨á«  m. � ©¤¨â¥ ­¥-
®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï, ª®â®àë¬ ¤®«¦­® ã¤®¢«¥-
â¢®àïâì ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«® c, çâ®¡ë á«¥¤ãîé¨¥ äã­ªæ¨¨
¡ë«¨ à¥¯«¨ª â¨¢­ë:
  f(x) = x+ c,
¡ f(x) = [x+ c æ¥«®¥],
¢ f(x) = max

(bxc, c),
£ f(x) = x+ cbxc− 1

2
[x ­¥ æ¥«®¥].

48 �®ª ¦¨â¥ â®¦¤¥áâ¢®

x3 = 3x
⌊
xbxc⌋+ 3fxg

{
xbxc}+ fxg3 − 3bxc⌊xbxc⌋+ bxc3

¨ ¯®ª ¦¨â¥, ª ª ¬®¦­® ¯®«ãç¨âì ¯®¤®¡­ë¥ ä®à¬ã«ë ¤«ï xn

¯à¨ n > 3.

49 � ©¤¨â¥ ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥, ª®â®à®¬ã ¤®«-
¦­ë ã¤®¢«¥â¢®àïâì ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á«  0 � α < 1 ¨ β � 0,
â ª çâ®¡ë ¬®¦­® ¡ë«® ®¯à¥¤¥«¨âì α ¨ β ¨§ ¡¥áª®­¥ç­®£®
¬ã«ìâ¨¬­®¦¥áâ¢  §­ ç¥­¨©

{ bnαc+ bnβc
∣∣ n > 0

}
.

�áá«¥¤®¢ â¥«ìáª¨¥ ¯à®¡«¥¬ë

50 � ©¤¨â¥ ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥, ª®â®à®¬ã ¤®«-
¦­ë ã¤®¢«¥â¢®àïâì ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á«  α ¨ β, çâ®¡ë α

¨ β ¬®¦­® ¡ë«® ®¯à¥¤¥«¨âì ¨§ ¡¥áª®­¥ç­®£® ¬ã«ìâ¨¬­®¦¥-
áâ¢  ¢¥«¨ç¨­

{ ⌊bnαcβ⌋ ∣∣ n > 0
}
.
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51 �ãáâì x| ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«® � φ = 1
2
(1 +

√
5). �®£¤ 

à¥è¥­¨¥ à¥ªãàà¥­â­®£® á®®â­®è¥­¨ï

Z0(x) = x ,

Zn(x) = Zn−1(x)
2 − 1 ¯à¨ n > 0,

¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥ Zn(x) =
⌈
f(x)2

n⌉, ¥á«¨ x| æ¥-
«®¥ ç¨á«®, £¤¥

f(x) = lim
n→∞

Zn(x)
1/2n

,

â ª ª ª ¢ íâ®¬ á«ãç ¥ Zn(x) − 1 < f(x)2
n

< Zn(x). � ª¨¬¨
¤àã£¨¬¨ ¨­â¥à¥á­ë¬¨ á¢®©áâ¢ ¬¨ ®¡« ¤ ¥â äã­ªæ¨ï f(x)?

52 �«ï § ¤ ­­ëå ­¥®âà¨æ â¥«ì­ëå ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥« α ¨ β

¯®«®¦¨¬

Spec(α;β) =
{bα+ βc, b2α+ βc, b3α+ βc, . . .}.

Spec(α;β)| ¬ã«ìâ¨¬­®¦¥áâ¢®, ª®â®à®¥ ®¡®¡é ¥â ¬ã«ì-
â¨¬­®¦¥áâ¢® Spec(α) = Spec(α; 0). �®ª ¦¨â¥ ¨«¨ ®¯à®¢¥à£-�¯¥æ¨ä¨æ¨à®¢ âì

Spec | á¯¥æ¨ä¨ç-
­ ï § ¤ ç .

­¨â¥, çâ® ¥á«¨ m � 3 ¬ã«ìâ¨¬­®¦¥áâ¢ Spec(α1;β1),
Spec(α2;β2), . . . , Spec(αm;βm) ®¡à §ãîâ à §¡¨¥­¨¥ ¢á¥å ¯®-
«®¦¨â¥«ì­ëå æ¥«ëå ç¨á¥« ¨ ¯à¨ íâ®¬ ¯ à ¬¥âàë α1 < α2 <

· · · < αm ¯à¥¤áâ ¢«ïîâ á®¡®© ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á« , â®

αk =
2m − 1

2k−1
¯à¨ 1 � k � m.

53 �«£®à¨â¬ �¨¡®­ çç¨ (á¬. ã¯à. 9) ï¢«ï¥âáï \¦ ¤­ë¬" ¢ â®¬
á¬ëá«¥, çâ® ­  ª ¦¤®¬ è £¥ ®­ ¢ë¡¨à ¥â ª ª ¬®¦­® ¡®«¥¥
¬ «®¥ q. �§¢¥áâ¥­ ¡®«¥¥ á«®¦­ë©  «£®à¨â¬, á ¯®¬®éìî ª®-
â®à®£® «î¡ ï ¤à®¡ì m/n á ­¥ç¥â­ë¬ n ¬®¦¥â ¡ëâì ¯à¥¤-
áâ ¢«¥­  ª ª áã¬¬  à §«¨ç­ëå ¡ §®¢ëå ¤à®¡¥© 1/q1 + · · · +
1/qk á ­¥ç¥â­ë¬¨ §­ ¬¥­ â¥«ï¬¨. �á¥£¤  «¨ § ª ­ç¨¢ ¥â-
áï ¦ ¤­ë©  «£®à¨â¬ ¯à¨ ¯®¨áª¥ â ª®£® ¯à¥¤áâ ¢«¥­¨ï?
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