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7 
Разреженные 

ядерные методы 

       , -
   .       

 —  k(xn, xm)        xn 
 xm  ,         

         
.        ,  -
        ,   

  . 
        (Sup-

port Vector Machines — SVM),       
   ,    . 
      ,   -
      ,   -

     .   
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      ,  
    ,   -

 .         
Vapnik (1995), Burges (1998), Cristianini  Shawe-Taylor (2000), Müller et al. 
(2001), Schölkopf  Smola (2002)  Herbrich (2002). 

SVM —    ,       -
  .      -
     1.5.4.   -
 ,      (relevance vector 

machine — RVM),       -
    ,  ,  ,  

   ,  SVM. 

7.1. Методы классификации с максимальным зазором  

    ,    -
        

 y (x) = wT (x) + b, (7.1) 

 (x)     ,  
     b. ,     

 ,    ,    -
     .   -

 N   x1, ... , xN     
t1, ..., tN,  tn {–1, 1},    x     y(x). 

 ,       
  ,         

   w  b, ,    (7.1)  -
 y (xn) > 0    tn = +1  y (xn) < 0  ,  -
 tn = –1,   tny (xn) > 0    . 

,    ,    
.   4.1.7   ,   
     .  ,   

,    ( )  ,   
w  b,    ,     .  -

  ,     -
,        ,    
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 .         -
   (margin),     -
        ( . 7.1). 

y = 1
y = 0

y = −1

зазор

y = 1
y = 0

y = −1

 

. 7.1.  —        
   ,     .  

      ,   . 
       , 

  ,    

       ,    
.         -

   ,     -
  ( .  7.1.5).       

     Tong and Koller (2000),  -
  ,      -

 .       
 x          

 ,    2.    -
        -

    . ,      
 ,    ,  

     .    
2  0     . -

 ,     ,   , 
   2 ,     , -

   .      
 ,     . 
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 . 10.13  ,        -
        
    ,     , -

 .       . 
 ( . . 4.1),      x  -

,   y (x) = 0,   y(x)   (7.1), 
  |y (x)|/||w||.  ,    ,  
      ,   

tny (xn) > 0   n.  ,       
   

 
T

.
n nn n

t bt y w xx

w w
 (7.2) 

       xn   
,       w  b,    

.  ,      -
  

 T

,

1arg max min ,n nnb
t b

w
w x

w
 (7.3) 

  1/||w||    n,   w    n.  
       ,   -

    ,    .   
,      w  w  b  b,  -

    xn   ,   
tny (xn)/||w||,  .       -

  
 tn(w

T (xn) + b) = 1 (7.4) 

 ,     .      
     

 tn(w
T (xn) + b)  1, n = 1,..., N. (7.5) 

      -
.  ,    ,   -

,     — .     
     ,     
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,    ,      -
     .    -

    ||w||–1,    ||w||2,  
     

 2

,

1arg min
2bw
w  (7.6) 

  (7.5).  1/2  (7.6)   ,  
  .     , 

      ,  
     .  ,  -

  b   .       
 ,   ,    ||w||  -

   b.   ,   . 
         

  an  0    an     (7.5), -
   ( .  ) 

 2 T

1

1, , 1 ,
2

N

n n n
n

L b a t bw a w w x  (7.7) 

 a = (a1, ..., aN)T.     “ ”   -
,     w  b    a. -

   L(w, b, a)  w  b  ,    : 

 
1

,
N

n n n
n

a tw x  (7.8) 

                                                       1
0 .

N

n n
n

a t  (7.9) 

 w  b  L(w, b, a)      -
     ,     

 

 
1 1 1

1 ,
2

N N N

n n m n m n m
n n m

L a a a t t ka x x  (7.10) 

  
 an  0,  n =1,..., N, (7.11) 
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1

0.
N

n n
n

a t  (7.12) 

    k(x, x ) = (x)T (x ).     -
,      ,  -
         -

.        -
   7.1.1. 

     M   -
      O(M 3).    

      , 
   (7.6)  M ,   

 (7.10),   N .    -
 ,        -
 N,      .   -

     ,    
        -

 ,      -
 ,    .   

      ,    
,   k(x, x )   , ,  -

 L (a)  , . .    . 
       ,  
  y(x),   (7.1).     -

  {an}  ,   w  (7.8): 

 
1

, .
N

n n n
n

y a t k bx x x  (7.13) 

   ,       -
   – –  (Karush–Kuhn–Tucker — KKT), 

    ,     : 
                     an  0, (7.14) 
        tny (xn) – 1  0, (7.15) 
 an{tny (xn) – 1} = 0. (7.16) 

 ,      an = 0,  tny (xn) = 1.  
 ,   an = 0,      (7.13) , -

,          . 
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      ,  -
    tny (xn) = 1,   , -

         -
,    . 7.1.      -

    .    
          

  . 

Джозеф-Луи Лагранж 
1736–1813 

     , 
    ( ).   -
           

    
  .       

    ,     
    1766 ,    -

       -
 .     ,      

      -
 (  ,  ),   -

    .      -
    . 

 
        a,  

      b, ,   
  xn   tny (xn) = 1.  (7.13), : 

 , 1,n m m n m
m

t a t k bx x  (7.17) 

  —    .      
  b,      

xn,        ,  
     ,nt   ,  2 1,nt      

        b: 
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 1 , ,n m m n m
n m

b t a t k
N

x x  (7.18) 

 N  —    . 
        -

        -
         

 

2

1
1 ,

N

n n
n

E y tx w  (7.19) 

 E (z) — ,  ,  z  0,     .  -
 ,   (7.5) . ,    ,  

     > 0,     -
  . 

 . 7.2   ,    -
        , 

     (6.23).      
       x,  -

     ,   
 .  ,      
  . 

 
. 7.2.        

  ,     y(x),  
       .  

   ,      
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        -
   SVM.     

  .      -
  (      ),     

 ,         . 

7.1.1. Перекрытие распределений классов 

    ,      -
    (x).     

         x, 
     .    

     ,      
       . 

,       , -
     .  

(7.19) ,         -
 ,    ,     

 ,   ,    -
 ,        

.     ,     
      ,   , -

      .   -
        .   

   n  0,  n = 1, ..., N,    -
      (Bennett, 1992; Cortes and Vapnik, 

1995).    n = 0    ,  -
    (     ),  n = |tn – ( )|  

 .  ,  ,     
y (xn) = 0,   n = 1,    n > 1   -

.     (7.5)    

 tny (xn)  1 – n ,     n = 1, ...., N, (7.20) 

       n  0.  
,   n = 0,       
,     . ,   0 < n  1 -

  ,      ,    -
,   n > 1,        
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 ,    . 7.3.    -
    ,     

       -
.  ,      -

  ,   -    
,         

   n. 

y = 1
y = 0

y = −1

ξ > 1

ξ < 1

ξ = 0

ξ = 0

 
. 7.3.   n  0.    

       

    ,   ,   -
,        . , 
   

 

2

1

1 ,
2

N

n
n

C w  (7.21) 

  C > 0      -
  .   ,   -

,   n > 1,  n
n

    -

  .  ,  C  ( ) 
 ,      
      .    

C           -
 . 

    (7.21)    (7.20)  
 n  0.     

 2

1 1 1

1, , , , 1 ,
2

N N N

n n n n n n n
n n n

L b C a t yw a w x  (7.22) 
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 {an  0}  {   0} —  .   
 KKT   ( .  ) 

an  0,                                                  (7.23) 
tny (xn) – 1 + n  0,                                                  (7.24) 

an(tny (xn) – 1 + n)  0,                                                  (7.25) 
n  0,                                                  (7.26) 
n  0,                                                  (7.27) 

n n = 0,                                                  (7.28) 
 n = 1, ..., N. 

  w, b  { n},   (7.1)  y (x): 

1
0 ,

N

n n n
n

L a tw x
w

 (7.29) 

1
0 0,

N

n n
n

L a t
w

 (7.30) 

 0 .n n
n

L a C  (7.31) 

     w, b  { n}  ,  
    

 1 1 1

1 ,
2

N N N

n n m n m n m
n n m

L a a a t t ka x x , (7.32) 

     ,   -
,    .  ,   -

, ,   an  0 ,   an —   
.  ,  (7.31)   n  0  an  C. , 

  (7.32)    {an}: 

 0  an  ,  (7.33) 

 1
0

N

n n
n

a t  (7.34) 

 n = 1, ..., N,  (7.33)     (box 
constraints).        -

.   (7.29)  (7.1),  ,    
      (7.13). 
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     .   , -
       an = 0,    
        (7.13).   

  .    n > 0 ,  -
  (7.25),    

 tny (xn) = 1 – n. (7.35) 

 an < C,   (7.31) ,  n > 0,    (7.28)  ,   
n = 0 , ,     . ,  

 an = C,        -
,  n  1,   ,  n > 1. 

   b  (7.1) ,    ,  
 0 < an < C,   n = 0,   tny (xn) = 1, , -
,    

 
, 1.n m m n m

m
t a t k bx x  (7.36) 

    ,     
 : 

 

1 , ,n m m n m
n m

b t a t k
N

x x  (7.37) 

       ,  
 0 < an  < C. 

,      , 
  -SVM,   Schölkopf et al. (2000).   

 

 1 1

1 ,
2

N N

n m n m n m
n m

L a a t t ka x x  (7.38) 

   
  0  an  1/N, (7.39) 

                                                         1
0,

N

n n
n

a t  (7.40) 

                                                           1
.

N

n
n

a   (7.41) 
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     ,   ,  -
 C,          ( -

,   n > 0 , ,   -
       ,   -
 ),       .  

-SVM,     ,   . 7.4. 
     exp(– ||x–x'||2)   = 0,45. 

−2 0 2

−2

0

2

 
. 7.4.  -SVM,       
  .     

         
  ,   ( . .   a  b) -

   ,       
    .   ,  

  L a ,   (7.10)  (7.32),  -
,        ,  -

    (       ). 
       -

    -      
   ,      -

.   (Vapnik, 1982)   ,   -
  ,        , -

  ,    .  -
         , 
           

 .      -
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    (Burges, 1998).   -
        -
           

   ,       , 
       . 

  (Osuna et al., 1996)       
   ,    -

 ,       ,    
      .     

-        -
       .    

        -
  ,  SMO (Platt, 1999).   -

          
 .        ,   -

      . 
         -

   .   ,    
SMO          -

       . 
 ,       -

 ,        -
.         

  ,  ,    
 -    “  ” ( .  1.4). 

   ,      , 
     . -

  ,      , -
      : 

 

2 2T
1 1 2 2

2 2 2 2
1 1 2 2 1 1 1 1 2 2 2 2

T2 2 2 2
1 2 1 1 2 2 1 2 1 1 2 2

T

, 1 1

1 2 2 2

1, 2 , 2 , , 2 , 1, 2 , 2 , , 2 ,

.

k x z x z

x z x z x z x z x z x z

x x x x x x z z z z z z

zx z x

x z

 (7.42) 
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 ,        -
 ,   ,     
       -

 (x).  ,    , -
  .  ,      

         -
,     . 
    ,       -

 ,        -
  . Veropoulos et al. (1999)   -

 SVM,     -
   . ,     

SVM       ,   -
    t    x. 

   , Platt (2000)   -
        . 

 , ,       

 p(t = 1|x) = (Ay(x) + B), (7.43) 

  y(x)   (7.1).   A  B -
     ,  

  ,     y(xn)  tn.   
 , ,    , 

    ,    -
  SVM.     ,  

  ( )       
  ,      t = 1.  -

  SVM     ,    
     (Tipping, 2001). 

7.1.2. Связь с логистической регрессией 

     ,      
SVM       -

  .         
   ( .  4.3.2). 

 ,     ,     
    , ,   yntn  1, -
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 n = 0,     n = 1-yntn.  ,   
(7.21)    (      -

)   

 

2
SV

1
,

N

n n
n

E y t w  (7.44) 

  = (2C)–1  ESV ( ) — -    (hinge error), -
  

 ESV (yntn) = [1 – yntn]+, (7.45) 

 [ ]+   . -   , 
  -   ,   . 7.5.    

   , . .  ,   
    ,     . 7.5. 

− 2 − 1 0 1 2
z

E(z)

 
. 7.5.  -   ,     

  (  ),       
(  ),    1/1n 2,  
     (0, 1).     

,  —   

        4.3.2,  
      t {0, 1}.     

       -
      t {–1, 1}.  

 ,  p(t = 1|y) = (y),  y(x)   (7.1),  (y) — 
 ,   (4.59).  ,  
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p(t = –1|y) = 1– (y) = (–y),      -
,    : 

 p(t|y) = (yt). (7.46) 

    ,    
 ,       

( .  7.6). 

 2
LR

1
,

N

n n
n

E y t w  (7.47) 

 
 ELR(yt) = ln(1 + exp(–yt)). (7.48) 

           
 ln(2) ,       (0, 1).    

     . 7.5     
     .    

 ,     ESV(yt)    . 
  ,   -     

       -
.    ,    

   ,    , 
    . 7.5.      -

,    ,     
    .     -

    ,  ,   -
    ,    

   . 

7.1.3. Многоклассовые варианты SVM 

         -
 .  , ,    , 

  K > 2 .       
   SVM    

 . 
     (Vapnik, 1998)  -

 K   SVM,   k-   yk(x)   -
    k        

 K–1  —   .   -
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 “   ”.   . 4.2 ,   
        

,       -
.     ,      

 x   

 
max .kk

y yx x  (7.49) 

 ,     :   
    ,   ,   -

 yk (x)        
. 

     “   ”   , 
    . ,      

     ,    
    ,  90% -

    10% ,     
.     “   ”   

Lee et al. (2001).       ,  -
     +1,    

 –1/(K–1). 
Weston and Watkins (1999)       

 K  SVM ,      
    .      -

  , ,     K -
    N     O(KN 2), -

      (K–1)N    
O(K 2N 2). 

    ,   K(K–1)/2   
 SVM     ,    -

       .   
  “   ”.     . 4.2,  

       .  -
,   K       -

,   “   ”.     -
    . 

       -
      (     -
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  ),     DAGSVM (Platt et al., 2000).  
K   DAGSVM     K(K – 1)/2 -

,          K – 1 
       -
    . 
         -

 .    Dietterich and Bakiri (1995)    
     Allwein et al. (2000).   -

     “   ”,   
       -

 .  K       -
   .     -

         -
  .    SVM   

     ,   -
 “   ”   ,    

    . 
     ,  -

    ,     -
.         

 ,    ,    -
.   ,    , . . -

 ,   ,   ,    -
,     0  1,   .  
  ,    ,     -

   .        
   .  Schölkopf et al. (2001) -

  ,   ,   
      ,       

 ( )    ,  Tax and Duin (1999) 
     ,  ,  

    .   k(x, x ),    
 x–x ,   . 

7.1.4. Метод SVM для регрессии 

            
     ( .  3.1.4).   -
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      , -
  

 

2 2

1

1 .
2 2

N

n n
n

y t w  (7.50) 

       -
 -    (Vapnik, 1995),   , 

     y(x)    t , 
 ,   > 0.   -    , -
       ,  

 

 
0, ,

.

y t
E y t

y t

x
x

x
 (7.51) 

   . 7.6. 

0 z

E(z)

−  
. 7.6.  -    (  ),   

        . 
       (  ) 

,      
,   

 

2

1

1 ,
2

N

n n
n

C E y tx w  (7.52) 

 y(x)   (7.1).   ( )  -
,  C,   . 

  ,     ,  -
 .     xn    -

 , n  0  ˆ 0n ,  n  > 0  ,   
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tn > y(xn) + ,   ˆ 0n   ,   tn < y(xn) –  ( . 7.7). 
   ,   - ,   ,  yn –  

 tn  yn + ,  yn = y(xn).      
 ,         

 : 
tn  y(xn) +  + n,                                                 (7.53) 
tn  y(xn) –  – n̂ .                                                (7.54) 

y
y +

y −

y(x)

x

ξ > 0

ξ > 0

 
. 7.7.   SVM  .    
  -  ,        n̂ . 

  -     > 0  n̂  = 0,   -  
   = 0  n̂ > 0,     -   

  = n̂  = 0 

          -
  

 2

1

1ˆ .
2

N

n n
n

C w  (7.55) 

      n  0  ˆ 0n , 
  (7.53)  (7.54).   ,    an  0, 
ˆ 0na , n  0  ˆn  0   : 

 

2

1 1

1 1

1ˆ ˆˆ
2

ˆˆ .

N N

n n n n n n
n n

N N

n n n n n n n n
n n

L C

a y t a y t

w

 (7.56) 

  y(x)  (7.1),      -
  w, b, n  n̂   ,  
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1

ˆ0 ,
N

n n n
n

L a aw x
w

 (7.57) 

   
1

ˆ0 0,
N

n n
n

L a a
b

 (7.58) 

  0 ,n n
n

L a C  (7.59) 

  ˆ ˆ0 .ˆ n n
n

L a C  (7.60) 

        
,  ,       

 ( .  7.7): 

 1 1

1 1

1 ˆ ˆˆ, ,
2

ˆ ˆ

N N

n n m m n m
n m

N N

n n n n n
n n

L a a a a k

a a a a t

a a x x

  (7.61) 

 {an}  ˆna ,     k (x, x ) = (x)T (x ).    
 ,     ,    
, ,     an > 0  ˆ 0na ,  

  —  .  ,  n > 0  ˆ 0n    
(7.59)  (7.60) ,  an  C  ˆna C ,     -

 : 
 0  an  C, (7.62) 

 ˆ0 na C  (7.63) 

   (7.58). 
 (7.57)  (7.1),  ,       

      

 
1

ˆ , ,
N

n n n
n

y a a k bx x x  (7.64) 

    . 
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  – –  ( ),  -
,         

   ,   

    an(  + n + yn – tn) 0, (7.65) 

  ˆˆ 0,n n n na y t  (7.66) 

                 (C – an) n 0, (7.67) 

               ˆˆ 0.n nC a  (7.68) 

       .   -
,   n     ,   + n + yn – tn = 0, 

 ,         -  
( n = 0),     ( n > 0).       
ˆna  ,  ˆ 0n n ny t         

  ,   . 
 ,  ,  + n + yn – tn = 0  n̂ n ny t  -

,   ,     ,  n  n̂   -
,      —   ,     

  xn  an,  ˆna  (   )   -
 . 

      ,   
  ,   (7.64),  , ,    

an  0,  ˆ 0na .  ,        . 
       ˆ 0n na a .   -

  ,   ,    
    (7.64),  ,    

  . 
 b  ,    ,   

0 < an < C,    (7.67)    n = 0,  -
   (7.65)    + yn – tn = 0.  (7.1)  
   b, : 

 

T

1
ˆ , ,

n n

N

n m m n m
m

b t

t a a k

w x

x x
 (7.69) 
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    (7.57).     -
,  ,   ˆ0 na C .     

    b. 
    ,    

SVM  ,   ,  ,   
  (Schölkopf et al., 2000).  ,  , 

   -  ,   -
 ,    ,   .  -

   

 1 1

1

1 ˆ ˆˆ, ,
2

ˆ

N N

n n m m n m
n m

N

n n n
n

L a a a a k

a a t

a a x x

 (7.70) 

   

  0 ,na C N  (7.71) 

                   ˆ0 ,na C N  (7.72) 

 
1

ˆ 0,
N

n n
n

a a  (7.73) 

   
1

ˆ .
N

n n
n

a a C  (7.74) 

 ,         
 N   ,        N  -

          , 
 . 

        -
   ,   . 7.8 

( .  A).     C  .    
      . 
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x

t

0 1

−1

0

1

 
. 7.8.   -SVM     

       .  
     ,  -   

   .  ,    
  ,    —   

7.1.5. Теория вычислительного обучения 

       -
    ,    -

 ,      
 (Anthony and Biggs, 1992; Kearns and Vazirani, 1994; Vapnik, 1995; 

Vapnik, 1998).     Valiant (1984),   
      ,  PAC 

(probably approximately correct).   PAC   ,  , 
      ,  -

  .       
,       . 

,     N    -
    p(x, t),  x —  , 

 t —  .  ,    ,  -
    ( )  -
 t = g(x).   PAC,  ,   f(x; ), -

         -
 ,   ,       

    , . . 

 , ; ,E Ix t f x t  (7.75) 
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 I( ) —  ,     -
  p(x, t).      , 

      ,    PAC ,  
   ,      -

   p(x, t),  (7.75)   -
, ,  1– .   —     , 

  “     ”  -
,     (  1 – )    -

 (  ).         
     PAC     -

  N  ,     -
.     PAC   –

,  VC,      -
      PAC  , -

   . 
,     PAC,    -

,        p(x, t),  
           -

 ,      f(x),  
.          -

,    , ,   -
         .  -

 -       PAC  
,  ,      -

,      .   -
  PAC     . 

      PAC  PAC-  
 (McAllester, 2003),     -

  ,      -
.       p(x, t),  ,  

  ,  -   . 

7.2. Метод релевантных векторов 

        -
  .        , -

       .  ,  SVM -
  ,    .  , SVM -
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     ,      K > 2 
 .    C,   (   -

    ),        
  ,   . ,  

     ,    -
       . 

  ,  RVM (Tipping, 2001), —   
      ,   

  SVM      .  
,         ,  

         -
  . 

    SVM,       
 RVM,          -

. 

7.2.1. Метод RVM для регрессии 

       ,  
   3,     , -

  .     -
     t    -

 x,    
 p(t|x, w, ) = (t|y(x), –1), (7.76) 

  = –2 —   (   ),   
     

 T

1

M

i i
i

y w wx x x  (7.77) 

     i(x),   
  ,      -

  . 
      , -

      .  , 
   ,        

  .    (7.77)  SVM-
 : 
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1

, ,
N

n n
n

y w k bx x x  (7.78) 

 b —  .       
M = N + 1,  y (x)    ,     (7.64)  
SVM,   ,   an    wn. 

 ,       
  ,        (7.77). 

   SVM,   RVM      
 ,        ,   

   . 
,   ,   N   

 x,      X, n-    -
   T

nx ,  n = 1, ..., N.    
  t = (t1, ..., tN)T.  ,   -
  

 
1

, , , , .
N

n n
n

p p tXt w x w  (7.79) 

        w ,   
 3,       -

 .     RVM  , 
     i      

wi    .  ,  -
    

 1

1
0, ,

M

i i
i

p ww  (7.80) 

 i      wi;  -
  ( 1, ..., M)T.    ,    -

        -
,       -
,   .  ,  ,  

  ,      ,  , 
   ,     . 

  (3.49)    ,  ,  
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 p(w|t, X, , ) = (w|m, ), (7.81) 

        

                       m = Tt, (7.82) 
   = (A + T )–1, (7.83) 

  —    N  M   ni = i(xn)  i = 1,..., N, nM  = 1  
n = 1, ...., N  A = diag( i). 

         -
   ( .  3.5),    -

,     , -
     : 

 , , , , .X Xp p p dw w wt t  (7.84) 

        -
,  ,     

   ( .  7.10) 

 
T 1

, , ln ,

1 ln 2 ln ,
2

p

N

X 0

C C

Ct t

t t
 (7.85) 

 t = (t1, ..., tN)T,     C  N N,   

 C = –1I + A–1 T. (7.86) 

  —  (7.85)     .   
   ,    3.5  -

    .   ,  
  .       -

         
   ( .  7.12): 

                                                          2 ,new i
i

im
 (7.87) 

 
2

1
,new

i
i

N
mt

 (7.88) 
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 mi — i-      m, -
  (7.82).  i ,   -
  wi      ( .  3.5.3) 

 i = 1 – i ii, (7.89) 

  ii — i-      
 ,   (7.83).  ,   -

       ,   -
      (7.82)  (7.83) 

,        
(7.87)  (7.88)        

   (7.82)  (7.83),   ,     -
 . 

     EM- ,  -
   9.3.4.       -

,  ,   ( .  -
 9.23).      ,  , -

      (7.87)  (7.88),  
    (Tipping, 2001). 

    ,     { i} 
   (   ) ,   
 wi,   ,   

       ( . -
 7.2.2).  ,       

i(x)           -
 .     (7.78)   xn,  

  ,   ,  
       

     SVM. , , -
,        -

       
      ,   -

    . 
  *  *  ,   -
 ,      

t     x.  (7.76)  (7.81) ,   -
   ( .  7.14) 
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* * ** *

T 2

, , , , , , , , ,

, .

p t p t p d

t

X Xx x w w w

m x x

t t
 (7.90) 

 ,     -
 (7.76),  w     

 m,      -
 

 2(x) = ( *)–1 + (x)T (x), (7.91) 

     (7.83),       -
  *  *.    (3.59),    -

  . ,     -
        

    ,    .   
RVM   ,     , 

          -
     (Rasmussen and Qui.nonero-Candela, 2005), 

, ,  ( .  6.4.2).  -
          . -
       -
   ,    RVM. 
 . 7.9     RVM     

 .        
  .  ,    

   RVM     , -
   SVM. ,      -

    RVM  , ,  ,  -
  ,   ,    

  ,       
  . ,     -

     (    )  
   SVM. 
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x

t

0 1

−1

0

1

 
. 7.9.     RVM          

 ,    . 7.8    -SVM.  
      RVM   , 

      —  
.  ,     ,    — 

 .    ,        
         -SVM  . 7.8 

   RVM     SVM  
,      ,   -

   ,     SVM.    
M    RVM     M  M, 

,  ,    O(M 3)  -
.    SVM-   (7.78) : M = N + 1.  

  ,    SVM,   -
   N. ,   RVM     
     ,  N + 1.   ,  

    ,  ,  -
       ,    -
    C   (  )    -

  ,      -
 .  ,       

    ,    
 . 
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7.2.2. Анализ разреженности 

  ,     -
   ,       -
.          

  .         
       -

   . 
    ,   -

       . -
  ,  N = 2  t1  t2,   -

,     (x),    
   ,   .  (7.85) ,  

    p(t| , ) = (t|0, C),  -
     

 1 1 ,TIC  (7.92) 

   N-   ( (x1), (x2))
T   t = (t1, t2)

T. -
   ,         -
    t    C.  
 —    t  *  *,   

.  . 7.10 , ,       
t     ,  -

     ,       -
.    -  ,       -

     ,    -
   t,  ,      

.  ,         ,  
    ,   ,  

     ,    
 , , ,      

  .        1, ..., M 
   ,  :     
     t,  , ,     

. 
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t1

t2

t
C

t1

t2

t
C

φ

 
. 7.10.         

    t = (t1, t2)
T,  ,   

     = ( (x1), (x2))
T,      

 t.   ,    ,   C = –1I, 
   = ,        

.     ,     .    
     ,    

 |C|   ,        
 ,  -   –1.  ,    

     ,    
        

        
      M  .    
,   ,    (7.87)    i 
         ,    i. 
 ,    ,      

  i       j 
 j  i. 

,       RVM,  -
      (7.85)  

 i,        (Faul and 
Tipping, 2002; Faul, 2003).      i   C, 

  (7.86): 
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1 1 T 1 T

1 T ,

C I

C

j j j i i i
j i

i j i i

 (7.93) 

 i  i-    ,  , N-    -
 ( (x1), ..., (xN)),      n,   n-  

  .  C–i    C   i-  
 .    ( .7)  ( .15), -

  ,   C,  : 

     1 T 1
1 1 ,i i i iC C C  (7.94) 

 
1 T 1

1 1
T 1 .C CC C
C

i i i i
i

i i i i

 (7.95) 

  ,     -
 (7.85)   ( .  7.15) 

 L( ) = L( –i) + ( i), (7.96) 

 L( –i) —      -
  i,   ( i)   

 
21 ln ln

2
i

i i i i
i i

qs
s

 (7.97) 

     i.     : 

   T 1 ,Ci i i is  (7.98) 

 T 1 .Ci i iq t  (7.99) 

 si  ,  qi  —    i, , 
  ,   si     qi ,  

  i      .  
     i    -

  ,        
 i       t = (t1, ..., tN)T 

   y–i,        
 i (Tipping and Faul, 2003). 

     i -
,   
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1 2 2

22
i i i ii

i i i

s q sd
d s

 (7.100) 

 .     . ,  i  0,  
,   2

iq s ,     i  .  ,  
2
iq s ,     i: 

 
2

2 .i
i

i i

s
q s

 (7.101) 

     . 7.11.  ,    
   ,      -

    .    (Faul and Tipping, 2002), -
     , , 

       ( i) 
( .  7.16). 

−5 0 5

−4

−2

0

2

−5 0 5

−4

−2

0

2

 

. 7.11.     ( i)  ln i, 
     i  2 4iq   si = 1 ( ,  2

i iq s ), 
  ,    i    2 1iq   si = 2 ( ,  2

i iq s ) —   

,         i  
   .     -

       RVM,  -
      , -

   .   -
   - ,    
  ,  ,        

.      
  . 
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Последовательный разреженный байесовский алгоритм обучения 

1.    ,     . 

2.    1,   1   
(7.101),    j  j  1  —  , 

        1. 

3.      m,   qi  si    -
. 

4.   -  i. 

5.  2
i iq s   i < ,     i    ,  

 i,  (7.101). 

6.  2
i iq s   i = ,  i      i, 

 (7.101). 

7.  2
i iq s   i < ,     i     

i = .  

8.      . 

9.   ,  ,    -
  . 3.  

,   2
i iq s   i = ,    i    -

     .      

 T 1 ,Ci iQ t  (7.102) 

   T 1 ,Ci i iS  (7.103) 

          
  

 ,i i
i

i i

Qq
S

 (7.104) 

 .i i
i

i i

Ss
S

 (7.105) 
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,   i =  : qi = Qi  si = Si ( .  7.17). -
 ( .7),  : 

 T 2 T T ,i i iQ t t  (7.106) 

     T 2 T T ,i i i i iS  (7.107) 

         ,  -
   i. ,     

   O(M 3),  M —    -
  , ,  ,  ,   N -

 . 

7.2.3. Метод RVM для классификации 

        -
,    ARD     -

  ,    4.   -
      t {0, 1}.   -

     ,  
 : 

 y(x, w) = (wT (x)), (7.108) 

 ( ) —  ,   (4.59).   
       w,  -

 ,     4.   ,    RVM  
    ARD (7.80),    -

  ,     . 
    ,      -

   w.    Tipping (2001)   -
  ( .  4.4),      -

       4.5.1. 
     .    

      -
        . -
      -
    ,   ,   . 
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      .  -
       w  

   

 
T

1

ln , ln ln

1ln 1 ln 1 ,
2

N

n n n n
n

p p p p

t y t y constw A

w w w

w

t t t
 (7.109) 

 A = diag( i).   ,      
   (IRLS),     4.3.3.   

       ( .  7.18)  -
   (7.109): 

 ln p(w|t, ) = T(t – y) – Aw, (7.110) 

 ln p(w|t, ) = – ( TB  + A), (7.111) 

 B —   N  N   bn = yn(1–yn);  
y = (y1, ..., yN)T;  —     ni = i(xn).   -

     (4.88).   -
  IRLS      

      -
. 

    , -
    , -

   (7.110)  ,      
      

 w* = A–1 T(t – y), (7.112) 
     = ( TB  + A)–1. (7.113) 

         
 .    (4.135)  -

,     , : 

 1 22* * 2 .M

p p p d

p p

w w w

w w

t t

t
 (7.114) 

  p(t|w*)  p(w*| ),        
   ,   ( .  7.19): 
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2

*1 1 1 0.
2 2 2i ii

i
w  (7.115) 

 i = 1 – i ii   ,   

 2
*

,new i
i

iw
 (7.116) 

   (7.87),    RVM. 
   

 1*ˆ ,w Bt t y  (7.117) 

       
   

 
T 11 ˆ ˆln ln 2 ln ,

2
p N Ct t t  (7.118) 

 
 C = B + A T. (7.119) 

     ,   (7.85)   ,   
           

,        i  
 . 

 . 7.12      
   .  ,   ,  

,      ,      
.         

RVM,    i(x),      
,    i,     -

   t. 
        
  SVM  ,     . , 

   RVM,      
      ( .  13.3) 

     (Williams et al., 2005).  
    RVM    .  K > 2 

        4.3.4,   
 K    

 T ,k ka w x  (7.120) 
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     softmax   :  

 
exp

.
exp

k
k

j
j

a
y

a
x  (7.121) 

−2 0 2

−2

0

2

−2 0 2

−2

0

2

 
. 7.12.         

,              
 ,  .   , 

  . 7.4     , , 
 RVM     .    

 ,   RVM,     ( ) 
   ,      ( )  

        

 1
1 1

ln ,..., ,T nk
N K

t
K nk

n k
p yw w  (7.122) 

   tnk     n   
 1  K,  T —    tnk.     ,   

       
(Tipping, 2001),           

 IRLS.        -
      ,    -
 ,        .  

  ,      MK  MK,  M — -
   ,    -

 K3         
 RVM. 
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      SVM.    -
         
.  ,       , -

    ,      , 
 ,  .    SVM. 

Упражнения 

7.1. (**) WWW ,       {xn}  -
   tn {–1, 1}    

      ,  -
   ( .  2.5.1)   k(x, x ).  

      , , 
     . ,    

   k(x, x ) = xTx ,      -
     ,   

  . , ,    -
  k(x, x ) = (x)T (x ),       

     (x). 
7.2. (*) ,        (7.5)  

    > 0,    -
   . 

7.3. (**) ,       
      -
  ,     ,    

 . 
7.4. (**) WWW ,       -

 

 2
1

1 ,
N

n
n

a  (7.123) 

  {an}     (7.10)   
 (7.11)  (7.12). 

7.5. (**) ,     {an}     
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 2
1 2 ,L a  (7.124) 

  L a    (7.10).   
,  

 2
2

1 .w  (7.125) 

7.6. (*)          
t {–1, 1}. , ,    p(t = 1|y) = (y),  y(x) 

  (7.1),      -
      (7.47). 

7.7. (*)   (7.56)     -
.       w, b, n  n̂ ,   

      -
, ,      (7.61). 

7.8. (*) WWW     ,  
  7.1.4, ,     ,      
n > 0,   an = C,  ,  ,  -

 n̂  > 0,   ˆna  > C. 
7.9. (*)   (7.82)  (7.83)    

        -
  RVM. 

7.10. (**) WWW   (7.85)    
   RVM,    

  w  (7.84)       
. 

7.11. (**)   ,      -
  (2.115). 

7.12. (**) WWW ,      
  (7.85)    -

       
(7.87)  (7.88),  i    (7.89). 

7.13. (**)   RVM,     
 (7.87)  (7.88)    -

,   (7.85).   ,  
  ,  - -
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  ( .26),      
   ,     

p(t, ,  | X)    . 
7.14. (**)   (7.90)     -

   . ,  -
    (7.91). 

7.15. (**) WWW   (7.94)  (7.95), ,  -
  (7.85)     (7.96),  ( n) -

  (7.97),      -
  (7.98)  (7.99) . 

7.16. (*)      -
  (7.97)    RVM -

  i, ,   ,  
 (7.101),    . 

7.17. (**)  (7.83)  (7.86)     ( .7), -
,   Sn  Qn,   (7.102)  (7.103), 
    (7.106)  (7.107). 

7.18. (*) WWW ,        -
  (7.109)      

   (7.110)  (7.111). 
7.19. (**) ,     -

 (7.114)       -
   (7.116)   .  
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