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DTa KHHUTra SIBJISETCS PEOPHUHTOM OpUT'HMHAJIA, KOTOp]:lﬁ MbI CO3JaJIU CTICHUAJIBHO JJIs Bac, HCIOJIb3Ys 3allaTCHTOBAHHBIC TEXHO-
JIOTUHW TTPOU3BOACTBA PCIIPUHTHBIX KHUT U I1€YaTH 110 Tp€6OBaHI/IIO.

CHavasa Mbl OTCKaHHUPOBAJIN KXK/YI0 CTPAHUIy OPUTHMHAJIA 3TOM PEAKON KHUTH Ha PO ECCHOHAIBLHOM 000py/I0BaHHH. 3aTeM
C MTOMOUIBIO CIIEHHAIBHO Pa3padOTaHHBIX MPOTPaMM MBI NTPOM3BEIHM OYMCTKY H300pakKeHHs OT IIITEH, KILIKC, EeperndoB
Y TIOTIBITAINCH OTOCTNTH U BBIPOBHATH KAXK/YI0 CTPaHUITY KHUTH. K coxaneHnio, HEKOTOpbIE CTPAHUIIBI HENb3s BEPHYThH B H3-
HavaJbHOE COCTOSTHHE, M €CJIM MX OBLJIO TPYIHO YMTaTh B OPUTMHAIIE, TO Aa)e IpU HU(PPOBOI pecTaBpalii UX HEBO3MOXKHO
YIy4IIUTb.

Pazymeercsi, aBroMaTH3MpOBaHHas IPOrpaMMHasi 00pab0oTKa PENPHUHTHBIX KHUT — HE CaMOe JIydlliee PeLIeHUe JJIsl BOCCTAaHOB-
JICHUSI TEKCTA B €T0 TIEPBO3/IAHHOM BHJIE, OJIHAKO, HAIlla IIeJIh — BEPHYTh YUTATEIIO TOYHYIO KOTINIO KHUTH, KOTOPOH MOXET OBITh
HECKOJIBKO BEKOB.

HOBTOMY MBI OIPpEAYyNpEeIKAACM O BO3MOKHBIX MOTPEHIHOCTAX BOCCTAHOBJICHHOI'O PCHPUHTHOTO U3JAaHUA. B HU3JaHUU MOTYT
OTCYTCTBOBATh OJHA MJIM HECKOJIBKO CTPAHHUII TEKCTA, MOT'YT BCTPETUTHCA HEBBIBOAUMBIC IIATHA U KIIAKCBI, HAAIIMCHU Ha TTOJIAX
WA IOAYCPKHUBAHUA B TEKCTEC, HCUNTACMBIC (l)paFMEHT])l TEKCTA UM 3aIHObI CTpaHul. HOKyHaTb HJIK HE NTOKYIAaThb HO}106HbIe
U3AaHus — peIlaThb BaM, MbI K€ J€Ja€M BCC€ BO3MOXXHOC, YTOOBI PCAKNME W LCHHBIC KHUTHU, C€HIC HCAABHO YTPA4YCHHBLIC
1 HECTIPABEATINBO 38.6I)ITBI€, BHOBbB CTaJId JOCTYITHBIMU JUJIST BCEX YHUTaTeNeH.

ﬁ(epvm KHmxHbIN PeneccaHc
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FJTABA VIL

JUHEAHBLIE YPABHEHUSI C YACTHBIMU NMPOU3BOAHbIMH
. 1-ro NMOPAIKA.

Ata rsnasa npencrasasier co60# NEpPByI0 H OCHOBHYIO TJ1aBy, B KOTOPO#
N3y4aeTcss TEOpPHs HHTEeIrPHPOBAHHA YPaBHEHHA C YAaCTHBIMH TNPOU3IBOL-
HuiMH. Ef Hamo ymeAuTb HOCTaTOYHOE BHMMAHHE H OCHOBATEJAbHO IMpO-
pa6oTaTh, He OiyCKas HH ofHOro a63ana u naparpada, kpome passe § 61,
rae HAET Pedb O NPHUIOKEHUH TEOPHH HHTETPHPOBAHHMA OAHOIO JHHEHHOTO
yPaBHEHHS C YaCTHBIMH NMPOM3BOJIHBIMHU K PELIEHHIO pPAAA T€OMeTPHYECKHX
3alay: B 3TOM naparpage, B Kkpa#fiHeM cJaydae, MOXHO OTrPaHHIHTBLCH
‘paccmoTpenueM AudPepeHUNaJbHOTO YpaBHEHHs LHAHHAPHUYECKHX IIO-
BEPXHOCTeH H yPaBHEHHA NMOBEPXHOCTel Tes BpallleHHs.

H3yuuBimn ocHoBaTeNbHO mnepBbifi u BTOpo# maparpadbl 3TO# raaBhl,
rie JaHbo OCHOBHHE [IOHAITAA 00 YpaBHEHHAX H O CHCTEMaX ypaBHEHHH
C 4aCTHHIMH TPOM3BOAHHMH l-ro mopsiaxa H rie u3noxena 6oaee moj-
po6Has, yeM B rjaBe I, Teopus HHTErpajioB ypaBHeHHil H CHCTEM ypaBHe-
HHHA — O6IUHX, MOJHBIX, OCOOEHHBIX K MOJYyOCOO€HHHX, H rje AaHbl YKa-
3aHHA O ToM, KdK OT HOJHOrO HHTerpaja mepeiiTH X obuiemy, — CJe-
JdyeT npuCTynutbh X H3yueHHio B §§ 60, 62 u 63 cnoco60B HHTerpupoBa-
HHSl yPaBHEHM# W CHCTeM ypaBHeHMH TOJbKO TOrAa, KOrja Kak cJuaeayer
ycsoennl OynyT Takde OCHOBHbIE MOHATHA, KaK, HANPHMep, HNOHATHe
O MNOJHOTE CHCTeMH, 006 HHBOJNIOMMOHHOCTH ee H T. A. Hun B Koem
Cryyae HeJb3si IPONYCKaThb NPHMEPOB, MOMEUIEHHHX B TEKCTE, H, nepe-
XO1f K YCBOEHHIO fanbHefiliero marepuana, 06f3aTeNbHO HALO pPelIATb
CaMOCTOATE/NLHO COOTBETCTBYIOLIMH NpPHMEP M3 TeX, KOTOPhe HaxX0oAATCA
B KOHIE rJaaBbl. [l191 HHTErpHpoBaHHs CHCTEM ypaBHEHHH JnaHbl 2 cno-
coba: cnoco6 Maiiepa U crnoco6 fko6u. Jlia peleHds 3anad Ha npax-
THKE, — 60/blIKe APEHMyLIeCcTBa Ha CTOpPOHE MepBOTO H3 HHX.

Hexoropboie mou BLiBojgbl uuTatendb Hafiger B koHue § 59. Ouum orno-
CATCA K TEOPHH MEPEXojia OT IOJHOro K .efimeMy HHTerpaay Aas HelH-
HeHHHX ypaBHeHHUH.
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§ 58. Tunwl ypaBHeHHH C YaCTHBIMU NPOH3BOAHBIMU. CHCTEMB BNOJHE
HHTerpupyemble. [lepexoas K UHTerpupoBaHHIO AUPdepeHUHnaNbHbIX
ypaBHeHUil C YaCTHHIMH TDOH3BOAILIMH, HaYHeM C ypaBHeHHd 1-ro no-
PAAKA npl O0KOW Heu3secmHOil GYHKHUIL Z Om 11 He3asUCUMBLX Nepe-
MEHHBLX Xy, XyyouoX,.

Teopus HHTErpHpOBAHHA TAKUX YPaBHEHHI NOCTATOUIIO XOPOLNO pas-
paboTaHa H MOXET CYHMTAThCA TeOpHEH BIOJHE 3aKOHUeHHOHW B CBOHX
OCHOBaX. HOJbIIHM HENOCTATKOM B TEOPUH HHTErDUPOBAHHA YyPaBHEHHH
C YacTIILIMH NPOH3BOAHHIMH 1-TO MOPsIKA SIBASIETCH TO OGCTOATENbCTBO,
4TO UHMEZPUPOBAHIE KAK 00HO020 MOAbKO YpasHenus 1-20 nopsoxa, maxk u
cucmemst makux ‘ypasHeHui c600UMCS K UHMEZPUPOBAHILIO CUCMEMbL COBO-
KYnHblX OOBKHOBCHHbIX Ouepenyuasviolx ypasHenuli 1-e0 nopsodxa,
a HHTerpHpOBaHHE TAKHX YPaBHEHHH Mbl MOXEM JOBECTH A0 KOHIA
TOJIBKO B HEKOTOPBIX CIELHaJbHbIX. IPOCTHIX CAYUAsIX.

C uHTerpHpoBaHueM YpaBHEHHH 2-r0 U BLICLIUX IOPALKOB IPH OJHOM
HEH3BECTHOA GYHKUHH 1ea0 OOCTOHT ropasfo Xyxe: Tenepb paccmaTpH-
BAOT H NHWYT 6Goablle 06 ypaBHeHHAX 2-rO MOPAAKA NPH OLHOH HEH3-
BeCTHOH (YHKIMH 2 M NPH 2 ee apryMeHTax X, y, paspabaruiBass Goaee
OCHOBATEALHO TEOPHIO TaKHX yDaBHEHHH; TEOPHUA YpdBHeHHHA 2-r0 mO-
pAfixa ¥ BBIIUE NMPH 3 HE3aBHCHMBIX NEepeMEHHbIX H 6oJblue 3RAYHTENBHO
cJaoXIee.

Uro xacaercs ypaBHeHH# 1-ro u BHICIIHX NOPSAAKOB IIPH ABYX
1 60oAblIe HEeHM3BeCTHHX OPYHKIUHAX 2,, Z5,...,— TO HX HauaJHd H3y4aThb
TOAbKO B HejJaBHee BpeMS.

- Teopuu ypaBHeHuit C YaCTHbIMH NPOH3BOAHLIMM B 3TOM IrOAYy HCNOJ-
uaerca 200 Jaer: pomusacs owa B 1734 r., B Ilerep6ypre, B BHIe
cTaTbi 3HaMeHaToro diaepa ,De infinitis curvis ejusdem gradis...“ [Com.
Ac. Sc. Petrop, t. 7 (1734—1735), 1740, p. 174, 184]. Hnes d#aepa co-
C¢TOANa B TOM, 4TOOB CBECTH HHTErpHpPOBAHHE YyPaBHEHHH C YaCTHBIMH
NPOU3BOAHBIMH K HHTErpHMPOBAHHIO OOLIKHOBeHHHX InddepeHnHaabHbiX
ypaBHeHHH., DTO HOJOKEHHE OCTAaJOCh HEH3MEHHHIM HA HPOTHIKEHHH ABYX
COT JIET,— B HaCTOsMllee BpeMs BCAKHH mporpecc B 00.1aCTH HHTETPHPO-
BaHus ypaBHEHHH C YAaCTHHIMH NPOH3BOAHBIMH TECHO CBfI3aH C MpHMEHe-
HHEM Y@BMAHYTOHR Huew Ditaepa. Yepe3d 13 aer Jlanambep, B 3HAMEHH-
TOR paboTe O KoJMebGaHHH CTPYHH, YCTaHaBAMBaeT ABA MNPHHIHNA 4JA
npouecca HHTErpHPOBAHHMA YPaBHEHHH C YaCTHHIMM INPOH3BOJIHBIMH:
1) BeanynHa BTOpoO# npou3BOAHOH QyHKIMM ABYX HE3aBHCHMbLIX Mepe-
MEHIIBIX He 3aBHCHT OT Nopalka IH(depeHUHPOBAgUA OTHOCHTEAbHO
apryMeHroB, — teopemMa Jiinepa; 2) AAsS HHTETPHPOBAHHSA YPaBHEHHSA
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€ YaCTHHIMH NPOH3BOAHBIMH Hafo ob6pa3soBath NoAHHA auddepenunan,
uyTo6B MOCpeAQTNsOM ABYX 33aBUCAMOCTER

0z o0z
dz=7§ dx 4 ﬁjdy

’ )
Floy,2 %, 5)=0
HaliTu HMHTerpan nocnexHero ypasuenus. Cnycra eue 20 ger, B 1768 —
1770 romax nosABAAKTCA 3HamMeHuThic JitnepoBul Institutiones Calcuhl
Integralis, TpeTHit TOM. KOTOPHX MOCBAIIEH 6L/ YPABHEHHAM C YaCTHBIMU
NPOM3BOAHBLIMA. 3AeCb JDANEpPOM NPHMEHAIOTCA TOABKO UTO YKa3aHHBIE
TNPHHUHIB H HHTETPHPYeTCs ueabld pai ypaBuenu#. Bce mpemsa diiaep
NpHAEPKUBARTCA ABYX MOJONKEHHH: 1) CBECTH 3a1auy WHTErpHPOBAHHS
YPaBHEHHA C YACTHBLIMH NPOU3BOIHBLIMM K 3ajaye MHTErpHPOBAHHA ypaB-
neHu#i OOWKHOBEHHLIX; 2) CBECTH K KBajapaType l-e ypaBHeHHEe B MOJHBIX
anddeperuranax ¢ NOMOUbIO 3a4JaHHOTO 2-TO M3 BLILIEHAMHCAHHHIX yPaB-
nwenuid. HaxoHen, o nuuer ycaoBue xJjs noaHoro auddepexunana, ecian

B BHIDAMEHHH dz = pdx + gdy

p U g OyuyT OYHKLHAMH OT X, ¥y H Z,— 3TO KJIaCCHYECKOe YCAOBHE
BULA:

o 9 __ 99 , 94
wtawI=5 Tt

Briocaexcrsuu JlarpaH:xk yCTaHOBHMJ Teopemy 0OpaTHyl IHjAepoBOi:
fipefAllocAe IHEe BhpaKeHHe CTAHOBHTCA YpaBHEHHEM B MOJHLIX Au(e-
peHuHanax, KkaKk TOJbKO HepeMeHHas ¢, QYHKIHS OT X, ¥y, Z, YA0BJAETBO-
paeT’ nocaelHeMy ypaBHEHHIO, — YCAOBHIO JHjepa. 3amMeTHM, B 3axjioue-
HHE 3TOTO HCTOPHYECKOrO OYepKa, YTO BCe MHTerpaJbl, HaHAeHHble Jhae-
pOM, CBfI3aHbl C npou3soAbHoi dyHxuHeld; NPUNHCHIBas eil YaCTHLIE 3HAayYe-
Hus, JHJep noayvaeT HHTErpasbl, HA3bIBAEMBIE UM YACTHBIMH HHTErpaJami.

[1pu mHTErpunpoBanuu ypaﬁ[lmeﬂnﬁ C YaCTHLIMH IIPOHU3BOAHLIMH 1-r0 moO-
paaka smozym scmpemumscsifnaxue caysau: 1) 3ajaiHoe A HHTErpHpPOBa-
HHs yPABHEHHE €CTh JMHEHHOE H OJHOPOAHOE OTHOCHTEJbHO MPOH3BOA-
HblX; KO3 PuLUENnTH ero—@yHKIHHE TOABKO OT HE3aBHCHMbIX [TEPEMEHHBIX
Xy, Xy, ..X,;2)ypaBHeHHe NHHEfPE HEOXHOPOLHOE, C KO3(pdHLHeHTaMU—
QYHKUHAMA 33aBHCHMOTO TMEpPeMEHHOI0 2 K He3aBHCHMBIX X;, X,,...X,;
3) cHcTema m AMHERHBIX ypaBHEHHH; 4) OMHO ypaBHEHHe, REJHIEHHOe
OTHOCHTEJIbHO MNPOMABOAHHIX; 5) CHCTeMa M HeJHHEHHBIX YDaBHEHHH.
B nanbnefinieM Mpl pacCMOTPHM OTAENbHO KaxJyIO U3 3THX & KaTeropui.

MoXHO 10Ka3aTb TAKYK OCHOBHYIO OOULYI0 MEOpemMy O CYUW,ECME08AHIL
uHmMeParos ypasweruii I-20 nopsidka, NPUroLHYI0 A8 BCeX HAWIUX 5 or-
JAeJbHBIX CJYy4Yaes.

[Tycte 3amana Gymer cHCTeMa m HE3aBHCHMBIX ypasHeHHid l-ro no-

PAAKA C 71 He3aBHCHMBIMM NEPEMEHHBIMH Xy, Xp,...X,, X, ...X, (pH
OJHOH HeHsBeCTHOM (yHxuun z. [Tycts, jhanee, ara cuHCTeMa pelIeHA
0z 0z

‘OTHOCHTE@/NBbHO NPOK3BOIHBIX Jc ' 3y U SaNHCANa B TAKOM. HOpMaAs-
X1 Xm g
HOM 8ude:

0z / o0z 0z 0z
== Xyye.o X .o -
fl( 1 X xn’zn axm-}—l’ axm+21~ 0x,,>

.a‘%:f2 (..); -.-;_;m':fm ()



Ecau: 1) 3anansne GyHkuHu f;,...f, YAOBIETROPAIOT OCOGHM AH(-
thepeHHAABHHM 3aBUCHMOCTAM, KOTOPhi€ HA3BBAIOTCH YCAOBHAMH COBME-
CTHMOCTH IH(pPepeHUHaNbHHX YpaBHEHUA M OYyXyT U3J0XKeHb NOAPOOHO
B CJAeAyIOLIHX naparpadax, npuYeM 4YHCAO STHX YCJAOBHH Oyner

2 mim—1)
c=2mr=2,

T. €. JJis OJHOTrO ypaBHeHus, korjga m = 1, 6yner m—1 =0 H HUKAKHX
YyCJAOBHIH COBMECTHMMOCTH He Tpebyercs; eclH, najee, 2) QyHkuuu f,,... [,
npeacTasasgioT Ccobolt (QYHKUMH ONHO3HAUHHIE, KOHEYHLIE-H TaKHe, UYTO
MX MOXHO, mo Tteopeme Tefnopa, pasnoXHTer B O6eCKOHeYHBle pSI/ibi
CcTelmeHeil pasHocTeR BUIA

. Oz 0z

Ci,.. - —C

Xg—Qypyee Xy —Q N T 0xp ‘n—m

yeuoX,—a,; 2-—b

m

MM, KaK TOBODPAT, €CJM HAWHM (GYHKUMH f{,...f. OyayT zosomopdirer
8 obsacmu mouku (@,,...a,, b, ¢,,...c MHOTOMEPHOT0 MNpPOCTpaH-

*n>» n—-m

CTBAa; €CJH, HAKOHELI, 3) Bblépa’i‘b KaKYiO-YFO,I[HO tbymm,mo
¢ (xm-}-l ? xm—]-? LA ‘xu)’

auwb 66 OHA Gblaa roJoMopdHOH 0KOIO TOUYKH (a @) B AR

m-i-1*

xm-{—l= am+1 LA n

npHHAMaaa OB BMeCTe CO CBOMMH [epPBbLIMH MPOH3BOAHBLIMHM 3apaHee
3aflaHHKIE YHCJEHHbIE 3HAYeHHd & W ¢ N0 QopmyaaM

p . 9% de
‘P(am+l""an)';bx ox | = Cpyeen ox I
m3l | Xy = apry, . Xg=a, no Xy =y Ny =ay,

=Cn—m,

TOrja Hawa cucmema ougdepenyuaisnbix ypasneruii 1-20 nopsoxa 00-
nyckaem o0UH U MOAbKO OOUH UHMEZPAA

zZF('xl"“xn)

TaKOf, KOTOPHH OyaeT ronoMOpdHLIM OKOJAO TOUKH (a,,...d

A (-
“'mr “Tm4!
a,) ¥ obpamaercs B 3apaHee 3amaHuyio QyHKIHIO ¢ (Kpprs ==X, ) Kak

TOJABKO B BhlpaXKeHHe F(x;,...X,) NOACTaBUM UYHCJEHHOE 3HAYEHHE Tep-
BLIX 7 X-OB:

xlzal,-.-x =a

m m*

HHTerpan, ynoB/eTBOPHIOIHY yKa3aHHBIM YCJOBHSAM, HA3bBAGTCH
ubtmeepasomn Kowu.
e Y C/IOBHA COBMECTHMOCTH CHCTeMBI /m auddepenunanpupx ypaBHEHHH,
~YHOMsHYTHE B NyHKTE 1), MOTYT yROBAETBOPATLCH AHGO HAa OCHOBAHHH
CaMHX ypABHEHHH 3anauHOR CHCTEMH, NHGO MOTYT NMpeaCTaBAATh COGOIO
ToXnecTsa. B nepeom ciyuae CHCTEMY 3allaHHBLIX yDaBHeHMH OyJeM Ha-
SHBATh CUCMEMON 8NOARE UHMELPUPYEMOLL, 3 BO-BT OPOM — UHBOAOYUOHHOLL.

Hano umets B BHAY caexymouwee 06CTOATENbCTBO, KOTOPHM HHOTAA

MPHXOAHTCA MOJAb3OBATLCR NPH WHTETrPHPOBAHHH YPaBHe
; ; HHAA HJAH CHUCT
ypasHeHH#i 1-ro mopsiaxa. yp EMbL
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Bcnroe ougpdepernyuansnoe ypasHerue, a paBibiMm 00pasoM H 8CAKAST
cucmema ypaswenuil mozym Obms npeolpasosans 8 maxue, KOmopse He
codepaicam 61O nHeuzsecmruoii ynrguy. OAHAKO B 9TOM HOBOM YPaBHEHHH
HIH B CHCTEME YPaBHEHWH KOAUHECME0 HE3ABUCUMbLX NEPEMEHHBLX y8eal-
yusaemcs Ha edunnyy. PasbiCHUM 3TO AN ONHOTO -ypaBHEHHs

/ 0z 0z
f(xl,... X,s 2, -a—x;,'d_xn)‘——-o

(1y
[TpouHTerpUpOBAaTH 3TO yPABHEHHE—3TO 3HAYHUT HAUTH TAKYIO QyHKLUIO-
F(xy,...x,, 2), uto6n ypaBHeHHE
Flxy,...x,, 2)=0

onpejeasno QyHKIHIO 2, YAOBJAETBOPAOIUYD 3axaHHoe AupdepeHUHaNb-
HO€ YypaBHeHHe.
JuddepeHuppys npeibiayiiee ypaBHEHHE, UMeEeM:

oF OF 0z oF OF 0z
ox; T ez &xl—_o"" 51;‘4“ 52"756;"0’
T. €.
oF oF
0z oxy 9z _ ox,
9x,  OF """ 9x,  OF®
0z 0z

M NOJACTAHOBKA BbIPAXEHHH 115 NPOU3BOAHBIX

gz 0z
dx, ?" " dx,

B 3aflaHHOe nudPepenuuasbHOEe ypaBHEHHE IPHBOJAUT K HOBOMY Y PDaBHEHHIO:
c (n+1)-# He3aBHCUMOH NepeMeHHON X;,...X,, 2 U C OJHONA HOBO#H He-
H3BecTHO! (yuxunel F BHua:

oF dF >
dx ox
fl XXy, 2,— 35, o — 3¢ |=0,
0z 0z
HJIH HHaue
i oF oF  oF \ ¢
fl<x1,....xn, Z, _&T’.”—‘)'Tn’ —a;—>—0 (2}

OueBugno, uyro Becakas ¢yukuusa F(x,,...x,, 2), YAOBJIeTBOPAIOLIASE
3TOMY YpaBHeHuio, GyneT YIOBJeTBOPATh TakKxke H YypaBHeHHiO0 (1).
Onnako uHTerpupoBaHHeM YypaBHenus: (2) HeAb3f MOJYYHUTb BCeX HHTe-
rpajoe ypasHeHHa (l): MBI CMOXeM, KaK 3TO He TPYIHO 10Ka3aTh,—
MOJYYHTb BCe HEOCOOEHHhle HHTerpain ypaBHeHds (1) u3 uHTErpanos
ypaBHeHus (2) U He NOAY4YHUM HHTerpasoB ocobeHHnix. Ecam ypaBne-
HRIO (2) yrnoBieTBopsieT HekoTopas ¢yHxuus F(x;,...x,, 2), TO eMmy
Oyner ynomaerBopsiTh Takwxke U ¢ynkuusa F + C. [TosToMy BCAKHMH HHTe-
rpaid z ypasHeHds (1), me saBucsmwero ot mapamerpa C, 6yzer coaep-
KaTbCsl B HHTErpaJe, COAepiKalleM NPoH3BoJbHbiH mnapamerp C m onpe-
JeNgeMOM KOHEUYHLIM YpPaBHEHHEM

F(x,,...x,, 2)4+C =0.



Jdas Tol Ke caMmofi uean ynorpebasdercs elle Tak HasbiBaemas ¥mopas
nodcmanosxa Sxobu, Buaa

- y=2zt,
The ¢t eCTh HOBasi He3aBUCHMAas NepeMeHHas, Yy —HO8asn QyHKUHS H 2 —
<Ttapas QYHKLHA OT X;,...X,,.He 3aBHCAINAA OT HOBOrO aprymesTa r.
3HayeHue aToit 2-i no,rLCTaﬂmﬁfn BepTpaH Hapyluua, Mexay IPOUYHM, HA-
cToabko, urto B. I'. UMweHeuk il cuurtaa ee coBceM 6eCnosie3H0H; OAHAKO
JAadbgefinine paboTH BBLAAIOWHKXCA CHEUHANHCTOB B O00JACTH TeopyH
ypaBHEHHH C 4acTHHIMH npousBoaunMH, Codyca Jlu v Maiiepa, nanu en
B Hayke BCe npasa rpaxmancTaa.

§ 59. O6 wunTerpanax ypaBHeHUd C UYACTHBIMH MNPOU3BOIHLIMH
1-ro nopsaka. B rnase | mMbl Ha3Baau o6ujux uxmerparom 00HO20 ypas-
Henus 1-20 nopadxka ¢ n He3aaBUCHMEBIMH NEPEMCHHBIMH X;,...X, TaKoi
MHTErpaJj, KOTOPHH COIePXKHUT OAHY NPOH3BOAbHYIO PYHKIIHIO ¢ OT (B—1)-r0
HE3aBUCHMLIX apPryMeHToB I,...H, |, SBJAAKIWMKXCA ONpPEeAeJeHHbIMH
(GYHKIHIMH HE3aBHCHMBEIX IepeMeHHbIX X;,...X, H 3aBUCHMOH 2. [as
cucmemb. m ypasreruwii 1-ro mopsaka oOLIUA HHTErpas A0MKeH conep-
KaTh B CBOEM BBLIPaXKEHHH OJHY IPOH3BOJABHYIO (DYHKIMIO ¢ OT n—m
dpTYMEHTOB Uy,... U, .

[Toanwit unmezpasr 0as O0HOZ0 ypaswerus NOJNIKEH UMETL I cyle-
CTBEHHBIX INPOM3BOJbHBIX 1OCTOAHHEX C,,...C,, a A1 CHCTEeMB m
ypaBrenuii—Bcero n—m-+ 1 nocrosuueix C,,...C _ .,

HMHTterpansl ¢ MeHbIIMM KOJHYECTBOM APryMEHTOB 4, l,,... B NpO-
M3BOJILHOH (YHKUHH ¢ H C MEHbIIHM yucaoM nocrtosuuux C,, G,,...
OYAYT JdlUb acmHbimu uxmepasamy. [1poCTedliUMA H3 YACTHBIX HHTE-
rpasoB nHpdepeHuHaNbHLIX YPABHEHHH, KOTOPBIMH MOJAB3YIOTCA OOBIYHO
AJAs TOCTPOEHHA INOAHHIX M 06IMMX MHTErpaJjioB, SIBASIOTCS Te, KOTOpHbE
UMEIOT B CBOHX BLIDAXEHHAX JHUWbL N0 OAHOH MPOH3BOJLHOH NOCTOAH-
ot C. HesaBucuMbiX HHTErpasoB storo poaa Oyxer n aasd OZHOTO
ypaBHeHuss H n—m -+ 1 118 CHCTeMbl m ypaBHEHHH. DTH HE3aBHUCHMEIE
WHTerpasu JAOJKHB OBITb DA3PELUMMBIMM OTHOCHTE/NLHO NPOH3BOJbHBIX

nocroauubix C;, C,,...; TOrAa B YpPaBHECHHAX
Ci=uy(Xy,... %, 25 Co=u,(x,,...%,, 2);...
nepBble, HACTil 4|, U,,... H GYAYyT TeMU (PYHKUMSMH 4, O KOTOPHX Mbl

TOBOPHJH B Hayase 3TOro naparpada. lns HHTErPHPOBAHHA YPaBHEHHH
€ YaCTHLIMH MPOH3BOAHBIMH 1-TO nMopsfika H HAAO Kak pas Hadtu n
TAKHX He3aBUCHUMBIX (YHKUHE u,, U,,..., B Caydae oxHoro JIkh{depeH-
LIHAJbHOTO ypaBHeHus,  # —m-+1 He3aBUCHMHX (PYHKIHH Byyosolly iy

AJ51 TOro CJayuyasi, KOrja 3ajaHa [IJsf HHTerpHpPOBaHHsA CncTeMa m ypae-
‘HeHHH.

Jlerko BHAETH, 9TO UCKAIOHEHUE N NPOU3BOAbHHX NOcMORHHBX C,...C,
13 KOHEUHOTrO YpdBHeHHd, coaepxamero 3TH N TIOCTOSHHHX, H H3 1
'YPaBHeHH#H, noJyyeHHHX AHddepeHUMPOBaAHHEM 3TOr0 KOHEYHOrO YpaB-
HEHHA COOTBETCTBEHHO MO X,,...X,, AQ€T OJHO ypaBHEHHe C YaCTHHLIMH
NPOH3BOAHEIMH 1-r0 mopaaka, a HCKJIOUeHHe B = # — m-+1 NPOH3BOJAbHBIX
.nocroanuux\Cl,...Cn_mj._l, npu m<Cn, 1. e. n<k<<l, U3 KOHEUHOrO
YPaBHEHHA C TOJIbKO YTO YKa3aHHHM KOJHYECTBOM NOCTOsHHRX C H H3 1
ypaBHeHuH, nonyuennsix nuddepennupoBaHueM KOHEYHOTO ypaBHeHHUd 1O
Xy,=10TOM MO X, H T. A.,—NPHUBENET K CHCTEME M AuddepenynaabHbBIX
ypasuenn#t 1-ro nopsgxka.
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[Ipn m = A kR =1, Korga uMeeMm IJs HCKJAIOYEHHA OJHY MPOH3BOJAbL-
HYI0 noctosiHAyio C,, nmoayuuM, oveBHIHO, cHcreMy (n—1)-ro nudode-
peHUHANBbHOrQ ypaBHeHusl 1-ro nopsika.

lFopa3go cJoxHee O6CTOMT JeA0 B TOM Cayyae, KOTAA 048 HCKAK-
HeHUS UMEEM 4UCAO NPOU3BOALHbLX NOCMOAHKHOLX R, O0AblUee UAU pasHOe
YUCAY He3ABUCUMBIL NEPEMEHHHBX, T. €. KOrAa k_zn. Jag HCKAYeHHs
Bcex nocTosiHHEIX C,,...C, U3 KOHEYHOTO YpaBHEHHUs, HEJIb3d OrpPaHH-
YHUThCA TOJBKO MNPOU3BOJAHBIMM 1-TO NOPAAKay — KOHEYHOE ypaBHEHHUE
Haj0 6yner aunddepeHUAPOBATL MO X,,...X, ABAa H 6oJbluee YUCAO pa3.
B peayabTaTe HCKJIIOYEHHs MNOJAYy4YHM AHQdepenuHaNbHbBE YypaBHEHUs
2-r0 W BBHICIIHX MOPAAKOB, NPH 3TOM, B OTJAH4YHE OT OOGBLIKHOBEHHBIX
AnpdepeHIHANBHBIX YPABHEHUH, YHCJI0 YPABHEHHIT C YaCTHLIMH NPOH3BOA-
HLIMH TNOPSAK4 2-r0 M BLIILE BO3PacTaeT 3HaAYHTeJbHO OLICTpEE nmopsiika
auddepenuanbHbIX yPaBHEHHA ¢ YaCTHHIMH MPOH3BOAHBIMHU. [IpoH3Benem
HajJeXalulHi pacuer.

YHCO YacTHBIX MNPOH3BOJHBIX S-T0 NOPsiZKa OT OAHOH (YHKUHH 2
f1 HE3aBUCUMBIX IepeMellHbX X,,...X, Oyzaer

nn+1)y(n+2)... (n+s—1)
s!

[TosToMy uHcao N BCeXx WACTHBHIX MPOU3BOAHMX OT 1-10 W 10 $-TO
f10PAAKA BKJAKOYHUTE/NbHO .OYIET:

min+1 nin 4 1)(n 4 2)
A

+n(n+1)(n-{—2)...(n+s—l)
2! 3!

s!

N=n+- +

Uucao ypaBHeHHi, NMOJYyUeHHBIX B pe3yJbTaTe ﬂ?ﬂd)d)epeﬂuupoaaﬂm
KOHEYHOTO YpaBHEHHs, BMeCTe C 3THM KOHEYHLIM YypaBHEHHEM, cojlep-
XKAWHKM £ [POH3BOJABHBIX MoOCTOsIHHBIX Cy,...C,, O6yner N + 1. Ecau
N=Fk, noayuuM nocse HCKJOYEHHUA ONHO AviPdepeHIHaNbHOE YpaBHEHHe
s-To mopsxka; ecaum N £&, TO HAA0 B3SITb TaKOe YHCAO S, YTOOB OHIIO
N>k, —Torna 6ynem mmerb cHctemy N —£Z 4 1 ypaBHeHu#l C YaCTHBHIMHU
TIDOH3BOAHLIMHU S-TO TOPAAKA.

XOoTa HaM H HAAO HAXOAHTL OOWHA UHTerpan ypaBHEHHs HJH CHC-
TEMbl YPaBHeHHH, KOTOPBIH TOJbKO H [aE€T COBEPIIEHHO HOJHBIA OTBET
Ha 3a7ayy HMHTErpHpoBaHUs, OAHAKO Mbl O6yAeM B HaJbHEAIIEM HCKATb
M NHCATh BOOOILE TOJAbKO IOJHBI HHTErpad YpPaBHEHHA HJIH CHCTEMGI
ypdaBHEHUNI 1-ro mopsjka, TaK Kak; <J10/b3ysCh HMHTErpaJamu U,, i, ...,
O KOTOPBIX MB! TOJBKO YTO FOBOPHJIH M ¥ Pa3biCKaHUIO KOTOPHIX mepe-
X0AMM B caeayomux nmaparpadgax, MBI CMOXEM IMOCTPOHTH BoO6ue
TOAbKO MOJHBLIH HHTErpas C COOTBETCTBYIOLUIHM YHCJAOM NPOHU3BOJLHBEIX
nocroanubix C,, C,, Hckaouenne npeacTaBasioT AuHeliHbe 00HOPOO-
Hbie UAL HEOOHOPOOHBE YPABHEHUS U CUCMEMb. MAKUX YpasHeHuil;, ans
HHX MOXHO, HaiAs COOTBETCTBEHHOE YHCJAO WHTErpanoB &, i,, ,
cpasy Hanucams u obuuil unmezpas, u noAnvl unmezpas. Urto xe ka-
Caercsl HEeAUKEHbLX YPABHEHUIL 1 cucmem YPAsHEeHWil, TO AJA HHX 6ynem
CTPOHUTb UHmezpass noinse. CyliecTByet, npasia, cnocob sapuayuu npo-
u3goavtbix nocmosunsix Cy, Cg, ... N Nepexoga OT I10JHOrO HHTer-
pana x obuieMy HHTErpany, FOAHHA Kak IS JUHEHHBIX, TaK H AJf He-
JHHEHHLIX YpaBHeHH#, OAHAKO BapHamus MPOH3BOJLHLIX MOCTOSHHHIX
C/AOKHA [As1 BBIMIOJHEHUS W MOXET NPUBECTH K obiieMy uHTerpaay, Tpe-
OyomeMy onpene/eHnsi HenaBecTHux ¢yuxuuit C,, C,,... C, ,, 60blue
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TOr4a, KORAd, HanpHMep, A OZHOrQ HeAHHEAHOro YpPABHEHHS NMOJHBIK
HHTerpasn HMeer.Takyio popMmy:

z=F(xy,...x,, Cy,...C, -1)+C,,
Z2=f(XyyeeiXpyy Cpyoo o Con )HC L (xy, .- X))

CymHOCTb cnoco6a BapHaUHH NPOU3BOJLHBIX NOCTOAHHBIX AJA ONHOrO
audPepeHHANBHOTO YpaBHEHHS

f-(xl,...x 2, = 2’z—>=0 (3)

m % G 0 3x,

HIH TAKYIO:

COCTOHT B CJIE!ILY!OIU,E!M. HOJ[O)KHM, 4TO MB HAWJAH NOJHbLIH HHTer‘paJI
3TOro ypaBHEHHﬂ
F(’x,l’ .. 'xnr Z; Ci’ L (4”):0, (4)

rie C,,...C, 0603HaYal0T NPOU3BOJbHEE MOCTOsAHHbIe. EcaH 6ul MBI 1po-
AnbdepeAnupoBasn MocjaelHee YpaBHeHHE MO X, MO X, ... N0 X, TO
HCKJaoYeHHe 1t nocTodHHeX C,y, ... C, u3 ypaBHeHHs (4) M U3 12 ypaBHEHHH,
noJy4eHHbX IH(deperurpoBaHHeM:

oF OF 0z
axy 0z  dxy

0z
" ox,

oF oF
JHOJ/OKHO mpHBecTH X ypaBHeHuio (3). ByaeM Tenepb CuuTarh, YTO BEJH-
yuHH C,,...C, Takxe ABAAIOTCA QYHKUHSAMH BCEX NEPEMEHHBIX Xy, . .« X, 2.
Toraa nuddepenunpoanre ypasBHeHus (4) mact BMeCTO (5) Takme
ypaBHEHHUH:

v r .
SN 5 N OF (0G: 0G 02
Jx, ' 0z 0x o 9C; |\ ox, 0z dx,) -
. (6)
n
oF oF 0z v OF /0Ck OCk az ™
R4 LA Tk Tk TE
axn+dz dx, 2 lde\ dx, ' 0z Ox,/ 0.

OueBHAHO, 4TO ypaBueHds (6) coBmanyTt ¢ ypaBHenusmu (5) U B pe-
3y/abTaTte MCKJAOUeHHa BeauuuH C,,... C,c noMowblo ypasneHus (4) npu-
BeNyT K 3alaHHOMY nnddepeHunaJnHOMy ypaBHeHuio (3) B TOM cCJayuae,
koraa n Beauyud C,...C, 6yAyT onpenensiTbcsl CHCTEMOR TaKuX 7 ypaB-

HEHHII:
n

n
\ OF BCk 0Ck 0z \ . v gF OCk GCk 0z _
;1 ack(ax1+ 3z ox;) 7O ) 1oc,,( o, T oz 0x,,~>__0' (7)

ITOo# cUCTeMe YPaBHEHHH MOXHO YXOBJETBOPHTH TAKMMU TPEM# CIIO-
cobamu.

1) Tlonarasn
0Cy | 9Cx Oz _, 0Cp , 9Cx 92 _
Oxy 0z dx; 0xp "oz Oxp
MM WHAYe.
de . dck__
T.-€. PR dry — 0

C, = const, Cy = const, ... C, = const,
9TO COOTBETCTBYRT NOAIHOMY uHmezpary (4).
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2) Moaaras OF OF oF

o, =09 =Y 5, =

4TO AaeT 7 yPaBHEHHHl, NOJydaeMplX u3 ypaeHeHHus (4), aas onpejeaeHus
HEH3BECTHHX N QYHKUHH

Ci=f(xg,... %, 2); Co=Ffn(Xyy ... %y 2);

ecad BHeceM HafljeHHHe TAKHM nyTeM Boipamenus gasa C,,...C, B ypaB-
geHde (4), To MB MOXeM MOAYYHTb HHTErpaJd, He coJep:kKallHi mpo-
H3BoAbHLIX 3nemeHToB Cy, C,,...C,, T. e. HHTErpAJ BHIa

0 0,

0 (Xy,...X2)=0,

KQTOPHA OyaeT 0COOeHHBLM unmeparom 3ajaHHoro nudpdepeHuHanbHOro
YPABHCHHA, NMPeACTaBAIOMHEM 06epPTKY BCEX MOJHBLIX HHTErpasoB—CBepX-
nopepxHocreii (n-+1)- MEpHOro npoOCTPaAHCTBA, NONAYYAEMBIX IIDH Majabix
v3MeHeHusnx napamerpos C,,...C

3) Haweif cucreme n ypaBHenu#t (7), JHHEAHHX OTHOCHTEALHO 7t BeIHUHH
oF oF

o, BXOAAIKX BO BCe ypaBHeHHA CHCTeMnl (7), MOXHO Yya0-
BAGTBOPHUTb, HAKOHeN, NoOJaras, 4TO 3TH N JUHeNHHX YypaBHeHHH 3aBH-
CHMH MeXJAy co6010, T.-e. 4YTO onpejendreb H3 xko3dPHUHEHTOB NpH
YNOMSIHYTHIX 1 BeJHYHHAX PaBeH HYJJIO. IDTOT onpeje/uTeNb HMEEeT BHUJ

9, | 3G 0z G, | 9C, O
0x, 0z Ox3’ "' 0x 0z 0x,
. e o » . . . =O
{ aC, | 0C, 0z oC, ., 0C, Oz
l 6x,,+ 0z Odx,’ """ 0x,,+ 0z 0x,
HJAH
dCl dCl
dx, ’ dx,
L] [ ) L] =0’
ACn. )
T. @ jdx, ’ dx,
(Cyy Cay.r . Cp

=0
\ Xy, x,,...x,,) !
YTO YKa3bIBae€T HA CyIUEeCTBOBAHHE OJHOM HJH HECKOJbKHX 3aBHCHMOCTEH
KaKoro-yrojino Buaa mMexay dyukuuamu C;(Xy...X,, 2),...C (x3,...X, 2).
Mycte mexny dynxuusmu C,...C, cyumecTByeT ojHa 3aBHCHMOCTb. Ha-

MMHeM e€e B BHAe
Cﬂ=<P (Cl’ oo Cn - 1),

rie ¢ eCTb CHMBOJ NPOU3BOJbHOH (YHKLHH OT HE3aBHCHMHX MEXIy
coGow aprymentoB Cy,...C,_1, Tak 4T0 QYHKHHOHAAbHBIA ONpPEAENHTE/Db
(n—1)-ro nopsaka He papeH nyaio. JludpdpepeHiuaposanue N0 xy,...X, AaeT:

n—1
0C, L 9C, 02 N O <ac, oC; 02)
ox, 0z 0x; . 16(,} dx, ' dz Odx,

=

0C, L 0C, 02 % <oc, + 9 _a_;_>
0X,, ' 0z Oxp _i‘_{ 0C; '
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[MoacrapasAs BO BCe 7 ypaBHeHHH (7) BMECTO MHOXHTEAEH# B mocaen-
oC, , 0C, oz oC, L dC, 0z

C -

HHX WieHax o +5; ax  Oxy +-5z %, HX BbIPaMEHHT U3 MOCae)

HMX DPAaBeHCTB, MOJYYHM TaKHE 7 ypaBHEHHH:

n—1
OF | OF aC, (ac,, 9C, 0z _
Z( c;, T ac,,‘ack) ox, T 6z ox,) =0
k=
» L] (8)

n-1

OF | OF 0C,\ (9Cy  0Cs 0z
; 1'((7@ oz, 5'67) Oy © Tz ox,)

M3 HuX OOHO eCTh CJAeNCTBHE OcTaAbHbIX (7 — 1)-ro. B3sBmu (n—1)
ypaBHeHHit H3 Bcex 7, 6GyneM HMeTb CHCTeMY (72— 1)-rO HE3aBHCHMBIX
JUHEeAHBIX OAHODPOAHBLIX ypaBHeHHH, AJS KOTOPHIX OfipeleaHTeNb U3 KO-
GHUHMEHTOB, NPeACTaBJAKILHA C060K (QYHKUHOHANbHEIH ONpENeNUTENb
(n —1)-ro nopsiaka u3 Cy,...C,_1 He paBeH Hymo. CaeZoBaTefnbHO, IO
M3BECTHOMY CBOHCTBY aJare6paHyecKkuXx JAMHEHHHX OXHOPOIHLIX ypaBHe-
HHIl, TOJDKHBI DABHATBLCS HYJIIO BCe MepBbIe MHOMHTEJAH B JEBbIX YacTAX
ypaeuenuft (8), u, cienoBaTenbHo, cHcTeMma (8) paBHOCHAbHA TaKOH CHC-
teMe (n—1)-TO ypaBHeHUS:

oF |, OF 09

oF oF 09 -0
()C1 d?, 6C1 :

ac, _, " s oCc,

n

=0; ...

HuTerpasa, onpeiensieMbli COBOKYNMHOCThIO X YpaBHEHHH

F(XI,...)C”, 2', Cl)'°'cﬂ—1,<‘p):O,
OF | OF 0y _,. OF | OF ¢
. aC] + d:P_ a_CVI —0) . aC + d'wP ac\n " 1-——-0’ (9}

n—1

rae ¢ o603HaYaeT MPOHM3BOALHYIO (yHKUHIO OT QyHKkmui C,,...Chr -1, 6y-
neT obuum unmezparom. 3adasa onpedeserus suoa gyurxyui Cy,...C,
OT apryMeHTOB X,, ... X,, 2 [OCPEJICTBOM NPeIINeCTBYIOLHX YPaBHEIHH
AOBOABHO TPYAHA IS NOJHOTO pellleHds.

Ecan 06l MB DoJOXHAH, YTO Mmexay OyeKumamu C,,...C, cyue-
CTBYeT He OJHa, a m 3aBUCHUMOCTe#l, TOrja COBEDUIEHHO AHaJOTHYHBIM
nyTeM NPHUIUAH OB K HHTErpasy, onpepenseMoMy cucremo# (n— m=+1)-re
ypaBHEHH

Flx,...x,, 2 Ch...Cozcmy, 94,-..9,)=0

m m
oF N oF ()(Fh o or \_‘ oF 09n
ac; 2 Oy, 0C, =0; ac, _m+ JRY T a0C, . m——O’
h=l1 h=1
4
TAe 9y -«. 9 OO6O3HAYAIOT NPOM3BOJbHBIE (GYKUMH OT n—m (QYHKLHE

1»+++Crom. Takol muTErpas ¢ m NPOM3BOJBHBIMH (DYHKIHSIMH OT H—1li
dpryMEHTOB Kaxnas OGyxer MeHee o6uuM, deM mHTErpas (9) ¢ OJHO¥
TOJAbKO HPOM3BOMbLHOH QyHKUHeH ¢, HO OT (n—1)-ro aprymenra, H, NO
MancpoHy, Ha3HIBARTCS MOAYOCOGEHHUM UHME2PALOM.
Pewenne Bonpoca o nepexoge OT noaHOro HHTerpana K oduiemy 3a-

KOHYHTb,—KaK 3TO OOLIYHO JAeJaeTCH BO BC€X NOJIHLIX DYKOBO.ICTBAX MG
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