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Ota KHUTA SBISETCS PENPUHTOM OPUTHHAJA, KOTOPBI MbI CO3[ai CHEIUATBLHO
nuist Bac, WCTIONB3ys 3allaTeHTOBAaHHBIC TEXHOJIOTHH MPOU3BOJICTBA PETPUHTHBIX
KHUT U TI€YaTH 1Mo TPeOOBAHUIO.

CHavana MBI OTCKaHHPOBAJIM KXyl CTPAHHUILy OpPHUTHHATA 3TOH PENKON KHUTH
Ha Ipo(heCCHOHANBEHOM 000PYIOBaHUH. 3aTeM C MIOMOIIBIO CIELHaNbHO pa3pabo-
TAHHBIX IIPOrPaMM MBI IIPOU3BEIIN OUMCTKY M300pa)KeHHs OT ISATEH, KIISIKC, Iepe-
TrHOO0B U HOMBITAINCH OTOENNTH W BEIPOBHSATH KaXIyl0 CTpaHMIly KHUTH. K coxa-
JICHUIO, HEKOTOPBIE CTPAHUIIBI HENIb3s BEPHYTh B H3HAYAIBHOE COCTOSHHE, U €CITU
nx OBUIO TPYIHO YMTATh B OpPUTHHAJIE, TO JaKe IPpH IU(POBOM pecTaBpaluyl HX
HEBO3MOXKHO YITyUIIHTh.

Pa3yMeeTc;{, ABTOMATU3HWPOBAaHHAA NpOrpaMMHast 06pa60T1<a PCOPUHTHBIX KHUT —
HE CaMO€ JTYYIIEC PEIICHUE 11 BOCCTaAHOBJICHUS TEKCTA B €T0 IIEPBO3JAHHOM BHUIEC,
OJIHAKO, Hallla HeJib — BEPHYTb YUTATC/IIO TOYHYIO KOIINIO KHHUI'U, KOTOpOfI MOXKET
OBITh HECKOJIEKO BEKOB.

IToaTOMy MBI IpEAyNpPEXIAEM O BOBMOXKHBIX MTOTPELIHOCTSIX BOCCTAHOBIIEHHOIO
PEIpUHTHOIO W3AaHus. B M31aHMM MOTYT OTCYTCTBOBAaTb OIHA WJIM HECKOIBKO
CTPAHMI] TEKCTA, MOT'YT BCTPETUTHCS HEBBIBOAUMBIE IIATHA M KIIKCHI, HAIIIMCH
Ha MOJISIX WIIM MOJUEPKUBAHUS B TEKCTE, HeUUTaeMble ()parMeHThI TEKCTa HIIH 3a-
ruObl crpanull. [Tokynars wim He MOKynaTh nogo0HbIe H3aHus — pemmars Bam, Mbl
JKE JIETacM BCE BO3MOXKHOE, YTOOBI PEAKNE U IICHHBIE KHUTH, €Il HEAABHO yTpa-
YECHHbIE U HECIIPABEUIMBO 3a0bIThIE, BHOBb CTAJIM IOCTYIHBIMU JUIsl BCEX YHTATe-
nen.

ﬁ(epvm KHmxHbIN PeneccaHc

www.samizday.ru/reprint






JJNEMEHTAPHAA MATEMATHKA

0 OEJIEHMM CTOPOH TPEYTOJIbBHUKA MMPOTIOPLIMOHAJIBHO
n-m CTETIEHAM TMPUIIE)XXAULIMX CTOPOH

C. . 3etenn (Mocksa)

BniepBble, TMOBMAMMOMY, 3Ta 3ajava Obiyla MOCTaBJeHA M pellicHa
M. Mynpa (M. Poudra) B ero 3amertke, nomewieHHoi B «Nouvelles
Annales de Mathématigues» B 1856 r. M. n'Okanb (M. d’Ocagne) =
1883 r. nomecTHs B TOM )K€ >KypHalie CTaTbi0 MO 3ITOMY >Ke BOMpOCY.
He 6ynyuu snaxkom ¢ paboramu Ilynpa u n’Okamsi, s B 1929 r. no-
mectus1 B «MatematHueckom ob6pasoBaHuM» Ne 2—-3 ctateio «O Mo-
CTPOEHMH M CBOICTBAX HEKOTOPBIX YeBHaAH», rhe
nan gBa crnocoba MocTPOCHUSA NPSMBIX, nenﬂmux
CTOPOHY TpCYFroJIbHUKa B OTHOLIEHMM n-X CTe-
neHeil mpusiekalwux CTOpOH. OAMH M3 JAHHBIX
MHOI0 Crioc000B NMOCTPOEHHUSI TOM(IECTBEHEH CIo-
coby A’Okans. 3T0 NOCTPOeHHe JaeT BO3MO)KHOCTh
nepeTH OT NPAMBIX, JEJAIUKX CTOPOHY Tpe- dur. 1.
yrojibHMKa B OTHOIIEHMHM I1-X CTeneHeil mnpue-

YKalMX CTOPOH,— B lajibHeilleM 3TH mpsimble OyneM Ha3bIBaTb (Mpsi-
MBIMH N»,— K «IPSIMBbIM 11 + 2».

B nactosuueif 3ameTe S Xouy [aTh OMH Ype3BbIUAHO NPOCTOI
crnioco6 fiesleHUs1 CTOPOHBl TPeyroJIbHUKa IPONOPLUOHAJIBHO N-M CTe-
HeHAM NpUJIe)KALUX CTOGPOH NMyTeM MNepexofa OT «NPSMBIX 1) K «Ips-
MbiMm 1 -+ 1». TIpeaBapuTesibHO HOKaXKEM [BE JIEMMBI,

Nemma L. «llpssast n» Oeaum yaoa, U3 6cpUILHbL KOMOPO20 OHA
ebix00um, Ha 06a yead mak, Ym0 CUHYcbl 3IMUX Y208 nponopyloHan,-
Hol n — 1 cmeneHam npuaexmcawjux CrmopoH.

Hoxrazamenvcmeo. Jan Tpeyroanm( ABC (AB =~ BC(). OcHoBaHue
«npsimoit n» oGosHauum uvepe3 B (dur. 1).

Torpa umeem:

[
i ABLE @ U
C npyroit cTOpOHE,
naNA3,B _ AB-B,B -sin(ABB,) _ csin (AB3,) o)
nit AB3,C~ BC-3,B-sin(§,BC)  asiu (4,8C) -

CpaumBas pasencrsa (1) u (2), monyuaem:

c_ ¢ sin (ABB,,
g gsin(3,50)
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CcJienoBaTeNnbHO,

sin (ABB,) __ ¢!
sin(3,BC) ~ an—1 ° &)
Jiemma Il. [Ipamas, ucxodawas u3 eepuiuvsl  paeHOOedpeH020
mpey20AbHUKA, OeAlm OCHO8AHLe HA 4acmil, nponopyuoHanbHsle CUHYCAM
8 npomueoaexcawyux y206.
IMyctb B Tpeyroneuuke ABC AB=BC (¢ur. 2).
N3 paccmorpeHusi TpeyroJbHUKOB ADB n
BDC monyuum:

nn ANADB _ AD
nn ABDC — DC?

2 c nn ANADB __ AB-BD -sinz __sinz
0 mn ABDC-~ BC - BD -sin sing’
Qur. 2. O ind in
TCHOAA CllefyeT:
vTCIon ny AD __sina )
DC ~ sinB°

Han tpeyronbuuk ABC-(¢ur. 3). Otnoxum Ha ctopone BC otpe.
30k BD = AB wu coeapunum A ¢ D. .Iloxamem CllelyI0OLIYI0 TeopeMy:
npamca BBn, Oensuyas cmopory AC 6 8
omHoOWeHUlU n-X cmeneHell npunexcauyux
¢mopox, oeaum ompe3ok AD ¢ omHoweHuu
(n — 1)-X cmeneHell mex yce cmopoH, T. €.
€cJIn

Ay _ "
B.C @
TO
Aﬁn—: __end 5 c
. . T gn—1° )
BaiD dur. 3.
JleficTBUTENLHO, HA OCHOBAHMM MEPBOi JIEeMMHBl KMMeeM:
sina ot
sin .& =an—i-

Ha ocHoBauuM BTOpOit yieMMBI Mnojyyaem:
ABa_, _ sina__ cn—l1
Bp_sD ~ sinB  an—1°
Jlerko nokasatb u 00paTHyI0 TeopeMy: npsaMas, 0eAAWas OMpesox
AD 6 omHowenuu n-xX cmenerell npunexcawyux cmopoi AB u BC, Oe-
aum cmopody AC 6 omuoweHuu (n -+ 1)-X cmeneneil.
JlokazaHHast TeOpeMa jiaeT BO3MOXXHOCTb I€PEXOANTD OT «IIPSIMBIX 1)
K «npsiMbIM 114 1y, @ oﬁpaTHaﬂ TeopeMa — OT (IPSMBIX N» K «Ips-
mbiM 1 — Iy, Tlycte B3, (¢ur. 3)—enpsimas ny. TlpoBoaum 13
TOUKH 3" npsimyo .3, napannensuo BC Ao nepeceueHust B Touxe i
ipsimolt AD.
fp A3 A3, e

WD T BC T @




O JIEJIEHHUHU CTOPOH TPEVIOJIbBHHKA ”

Tpsamasi, HCXOAsMasl 3 BePILMHL B U npoxofsiuas yepes Touxy f3n,
aABJIAeTCst «npamoit n + 1y,

VHTepecHbl YacCTHBIE ClyYaH.

Ipamas, nensiwasi CTOPOHY B OTHOLUEHHH HYJIEBHIX CTeleHeil mpu-
JIeKAUUX CTOPOH, eCTb MeJuaHa., YKa3aHHoe MOCTPOeHHe JaeT BO3-
MO)KHOCTb INepeXOAUTh OT MeJuaHH K OuccekTpuce; OT OUCCEKTPUCHI
K CHMef1aHe — IPsIMOii, Jensiileil CTOPOHY TpeyrojbHHKa B OTHOLUEHUH
KBaJ[paToOB IpUJIe)KALUKX CTOPOH.

Wrak, 3agaya 0 MOCTpOeHWH HHTepecOBaBLIMX HAC NMPSMBIX pa3pe-
weHa. PaccMOTpUM HEKOTOpBIE CBOICTBA 3THUX IPAMBIX.

1. Y3 nemmbl IepBoii HeNmoCpefCTBEHHO CJIEAyeT, YTO «npAMas n»
ABASEMCS 260 MEMPUUECKUM MeCcrmoM moYex, paccmosHus om Kkomopyix 00
npuaexucawyux CmMopoH mpey20AbHUKA nponopyuoHasbHer (n — 1)-m cmene-
HAM npuaexcauyux crmopox.

IeitcrBuTenbHo, nyctb B3, — «npsimast n» (¢ur. 1). M3 npoussosib-
Hoil Touku D 3TOM npsiMOii ONMYCTUM IepPNEHMKYJAPbl HA CTOPOHHL

DK | AB; DK = BDsin(KBD),
DL | BC; DL =BDsin(LBD),

Clei0BaTesbHO,
DK __ sin(KBD) __ ¢n—1
DL ~ sin(LBD) an—1°
2. V3 Teopembl YUeBHl cnefyeT, uTo npsmsle, UCX00AWjuUe U3 6ePLILH
Mpey20AbHUKA U OeAsljue npomueonoAOHcHbIE CIMOPOHbL 6 OMHOWeHUU
n-X cmenedell npunexcawjux cHIOpPOH, NepeceKarmcs 6 O00HOU moyke.
Ilycrb O, [n, Yn — OCHOBAHUS IPSIMBIX Iy,
COOTBETCTBEHHO BBIXOJSIUUX M3 BepuuH A, B, C
(¢ur. 4). Toraa umeem:

ABy_ . Cx b". By, _a"
B.C @’ «,B 1A o
0TKyna
A3, - C2, - By, =1 5
ﬁ,,C N ﬁnB' TnA * ( ) our. 4.

PaBeHCcTBO (5) mNoKa3biBaeT, 4TO «MpPSMBIE n», TNpPOBEEHHLIE U3
BEPIUMHBI TPeyrojibHUKaA, NepeceKaloTcst B OAHOM TOYKe.

3. Touky nepeceyeHHsi «npsimbiXx n» Oypem o6Goanauate depe3 On.
Onpepenum paccrosnue ot TouykM O, A0 CTOpOH a, b, ¢ Tpeyrosb-
HUKa. IlycTb 9TM pacCTOSTHMA COOTBETCTBEHHO BBIPAXKAIOTCS Yepe3
X, y, 2. Torna

X Yy k4
agn—1 ~ pn—1 — cn—1?

- ax by cz__ax+bytez 28
an""bn‘—'cn—'an_i_bn_‘_cn""an_*_bn_i_cn’

Ae S — mjoWaAb TpeyroJbHUKA.
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Orcona
2Sa"? h,a"

X =Py Fo dr oo ©)

PaccmorpuM yacTHbie cnyyau. Paccrosinne o1 Touku O, (Touka me-
peceveHUsT MeMAH) JO CTOPOH TpPEYroJibHMKa MOJYYUM, TOJIOKUB B
pasencree (6) n=0:

X =

Wl

Paccrosinue oT Touku O, (TOUK2 mepeceyeHUst GMCCEKTPHUC) M0 cTO-
POH TpeyrojbHUKA

x=§I7=r’

rie r — pajuyc Kpyra, BOHCAHHOrO B TPeyroJibHMK.
Tpu n =2 n a® = b2 + ¢* umeem:

27 2°

CrnenosatenibHO, B NPSIMOYrOJIbHOM TpeyroJjibHUKE CHMEIMaHbl mepece-
KalOTCsl Ha CepefiuHe BLICOTH, OMYIUEHHOM U3 BepIUWHBI MPAMOro yr.a.

Hrak, Touka nepeceyeHHs] cuMeMaH TNPSAMOYroOJbLHOr0 TPEyroJlb-
HUKA HaXO[MTCA Ha CpefHeil JIMHUM TpPEyrojibHUKa, MapasuienbpHoil
Gonbluei cTopoHe.

B sakmouenue pemium Takyl0 3afavyy: CTOPOHBI TpeyrojibHUKa Bbl-
paykaroTcs LeJibIMM uucaMu. MOXXHO JIM HATH TaKoe wLesioe n, npu
KOTOPOM «IpSIMbIE M» TePeceKAloTCs Ha CpejHeil JIMHUU TpPeyroJibHU-
Ka, napasnesnbHo#t Gonbiueil cropoHe. MickmouuB ciyyait npsiMoyroJib-
HOr0 TPeyrojibHMKAa, Mbl AOJDKHBI JaTh OTPULIATENbHBIH OTBET: HH
NpPU KAaKOM LIeJIOM Il «IIpsiMble 11» He MOTYT IepeceybCsi Ha CpefiHeit
JIMHVH, nNapannenbHoi Oosnbliedl cTOpPOHE TPEYrosbHHMKA.

o h
JeiicrBuTeNbHO, NyCTh X = -, TOrjJa M3 paBeHCTBa (6) MMeem:

2 1
hy h.,a"
2 @b o
0TKy A2
art = b" 4 cn. )

Ha ocHoBannu Teopemnl <depma 3akJjiouyaeMm, 4TO paBeHCTBO (7)
He MMEET MecTa HU MPU KaKOM LeoM n (n= 1 MCKJIOUaeTcsi, Tak
KaK a, b ¥u C—CTOPOHBE TpeyronbHUKAa, a N =2 MHCKJIWYEHO
no ycsioBuio!).

1) Pemenue 3T0# 3amayd ocHOBaHO Ha Teopeme depma, ofuero noxasarteib-
CTBa KOTOpOii, KaK M3BECTHO, A0 CHX nOp He cyuiecTsyer. ITo3Tomy HANOIKeH-
HOE peilleHHe MOYKHO CYMTATh CRPABEJIMBLIM TONbKO [t T€X 3Haueuuil n, pisn
K)TOpUX Teopema depma poraszana.



FEOMETPUYECKOE HOKA3ATEJIbCTBO TEOPEMbI BUJIbCOHA 0

FECMETPMYECKOE JIOKA3ATEJIbCTBO TEOPEMBbI
BUJILCOHA

A. B. (Mocksa)

1. KiaBectHasi Teopema Bunbcona: ecau p — npocmoe wucao, mo
(p— D!+ 1 xkpamHo p, nmeeT oBLUKMPHYIO NTUTePaTypy, KOTOPasi BIJIOTb
JI0 ToCJlelHero BpPeMeHM TMpofOJDKAaeT MONoNHaATheA. O Heil mmcanu
Bapunr, Jlarpawx, 3iinep, I'aycc, Llreiinep, Kanmn, Hupuxne, Kpo-
Hekep, Puuum; 3jech ynomsiHyThl MMCHA TOJIbKO HauboJslee BbIAIOMX-
Csl MaTeMaTMKOB. V3 reomerpuyeckux AOKa3aTesIbCTB 3TOif TeOPeMEI M0
CBOeii IPOCTOTE M HATJIIAHOCTY BBIAEJISIETCS [0KA3aTesIbCTBO, NPUBOIHU-
moe Aptr. Kaiu (Cayley Art., Messenger of Mathematics, 1883,
XI1, crp. 41; Math. Pap.,t. X11, n° 807; Mathesis (2), VII, 1897).

2. Tlyctb n— npocroe uucyio. Ilepenymepyem BeplIMHbl NPaBUJIb-
HOro n-yrojbHMKa B nopapake obxona kourtypa: 1, 2, 3, .. ,n. Ecim
COEIMHMM MX [MaroHassiMM MOCJIEN0BATE/IbHO Yepe3 OfiHy, MOTOM Yepes
ABe, uepe3 TpPU WU T. A., TO, KPOME TMpPaBHIILHOrO MHOrOYrOJIbHUKA
123 ..., nonyuum euwie (n — 2) mHoOroyronbHukoB 135..., 147.. .,
159...u T. i. 3tM (n — 1) MHOroyroJIbHUKOB NONAPHO TOXAECTBEH-
Hbl, TAK KAK MU COeJMHeHMM BeplUMH uepe3 k u uepe3 (n—k—?2)
T0JIyuaeM TOX/1eC TBEHHbIe MHOTOYTOJIbHUKHM. UKCJI0 PAa3JINYHBIX TPABUIIb-

HbIX MHOrOYroOJIbHUKOB, LOJIyYEHHBIX ITHM MyTeM, PaBHO = (n—1).

3. Eciu coequHuM BepiluyHbl B KakoM-nubo Apyrom mnopsinke, Ha-
npumep B nopsipke 13245 ..., To mnonyuum HenpaBUJILHBI MHOTO-
yroJibHUK; MOBEPTHIBAS 3TOT MHOrOYroJIbHUK TaK, 4ToObl HOMEpa ero
BEpUIMH 3aMEHAJIUCH CJIELy IOMKMMKM MO MOPSAKY YucsiaMu (Yuciio n 3a-
MEHsIeTCS1 TNpU 3TOM e[MHHMLeil), MNOJIyYUM N HENpaBUJIbHBIX MHOIO-
yrojbHUKoB. B BhilleykasanHom npumepe 370 GynyT MHOrOYTroJIbHMICH
13245 ..., 24356 ..., 35467 ..., ..., 2134 ... Ecnu Takum nytem
ofpa3dyem Bce BO3MOXKHBEIE HENPAaBHJIbHBIE MHOTOYFOJbHMKM, TO YMCJIO
ux OyneT KpaTHO Nn; HO, KaK W B Cjyuyae NPaBUbHBIX MHOrOYroJib-
HUKOB, OHM IO [[BA TO)XIECTBEHHBl; MMEHHO [Be M0CJe[A0BATEIbHOCTH
BepLIMH, NpsiMasi ¥ 00paTHasi, AT ONMH M TOT )K€ MHOrOYroJIbHHK.

4. Ecnu B mocJiefoBaTeJIbHOCTH BepwnH 123. . . crenaTth BCE BO3-
MO)<HBIe TiepecTaHoBKM (n — 1) BepuivH 23 ..., TO INOJIyuuM Bce BO3-
MOXHBIe (TIpaBUJIbHBIE M HeMPABUJIbHbIE) MHOTOYrOJIbHMKM; #X UYMCJTIO
6yner paBHo 1-2:3 ... (n—1)= (n— 1)}; onu onsATb GymayT NONApPHO

TOWIECTBEHHBI, TAK YTO JIEHCTBHTEILHOE KX UUCII0 z-1-2- 3...(n—1).

5. ConocraBnsisi pe3ynbrathl (2) u (4), BUOUM, YTO UYKCO Hempa-
BUAbHBIX MHOTOYroJjibHUKOB OymeT paBHo:

2 1-2:3. (=) —F (=)= 5[1-2:3...(h— V) + 1 —n] =
=z (1= +1—n).

flo (3) 3TO uMCnO AOJ/DKHO ACJMTLCA HA N, c/iefioBaTenbHo (n—IM 1
KpaTHo 1.
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O PALIMOHAIJIBHBIX TPEYI'OJIbHMKAX
U. U. Uunctakos (Mockea)

1. Bonipoc 0 palKMOHaNbHBIX TPEYroJIbHUKAX, T. €. TAKUX, CTOPOHH U
mowaab KOTOPLIX MOryT ObiTh BbIP2)KEHBI palMOHAJIbHBIMU M, B YyacT-
HOCTH, LENbLIMM UMCIaMM, MNpPeJCTAaBJsieT 3HAUYMTEeNIbHbIH HayuHo-nefa-
roruyecKuii MHTEpec, TaK KaK TMO3BOJISET YCTAHOBHTb CBSI3b MEXXIY
JBYMSl OCHOBHBIMM OT/EJIAaMH MaTeMATHKH: reometpueii W anrebpoii.
Himeer oH ¥ Gonblioe ucTOpUueckoe 3HaveHue, uQo eme [Mudarop u
[MnaToH B gpeBHeit I'peuuy 3aHUManuch MM U Jany BriepBble CrocoObI
BJIST  BBIPAXKEHUs] CTOPOH PALMOHANIBHBIX NPAMOY20ALHBIX TpPEyrosb-
HuKoB. Ilo3gHee 3TUM )ke BOIPOCOM HMHTEPECOBAMMCh WHAYCCKHE M
apabckue yueHble, KOTOpble IOJyuMJIM COOTBETCTBYHOLLME (GOPMYJIBI K
1151 KOCOYTOJIbHBIX TpeyrojbHUKOB, a Tak)Ke /1 HEeKOTOPbIX BHUIOB
YeTHIPeXyroJibHUKOB. IJTOT MHTepec yHacHeZ0BaJlM M CMEHHBLIKe apab-
CKHX YYEHBIX CpeHEeBEeKOBblE H INO3qHeiIuye eBporeiickue MaTeMaTHKH.
CBA3L 3TOr0 BOMpOCAa € BeCbMAa BA)KHLIMM OTOE/IAMM TeOpHH YMCeJ
MMeJsia CBOMM IOCJIEICTBUEM TO, YTO €ro JO/DKHb ObUIM KacaTbCsl yue-
Hble, 3aHMMaBIUMECS HEOMpefEJIEHHbIM aHAJIM30M M TEOPHEI0 YMCEel.
TloaToMy BOMPOC O palMOHAJILHBEIX TPEYroJbHUKAaxX MMeeT BecbMa 60Jib-
wyto nutepatypy. OmHaKo OH siBasiercsl, C OJHOHW CTOPOHBI, HAaCTOJIb-
KO pPa3HOCTOPOHHMM M 6GoraTbiM CcOLep)KaHHeM, a C Apyroil — cpaBHU-
TeJIbHO JIETKMM J7S1 pa3paGOTKU 3JIEeMEHTAPHBIMM CPENCTBAMM, YTO
CTaThbM, 3aMETKM U 33J{a4ud, K HEMYy OTHOCSILUMeCs, He INepecTalT mo-
SAIBNATBCA HA CTPAHMIIAX MaTeMaTHYeCKMX XPECTOMATHii M )>KYPHAJsOoB.
B ofwmem OH npeacTaBiisieT NPeBOCXOMNKBIN MaTepuasl AJisl 3aHATHI yua-
LIMXCS B MATEMATUYECKUX KPYIKKAX, MOYeMy eMy M TNOCBsILAeTCS Ha-
CTOSIIIAA CTaTbsl.

Cnenyet, OfHaKO, 3aMeTUThb, YTO 0COOGEHHO pa3paboTaHHOU ABJAET-
Cs1 CTaTbsl O PalMOHANBLHBIX MNPSMOYTOJIbHBIX, MM TaK Ha3blBAEMbIX
nu)aropoBLIX TPeyroslbHUKAaxX; BOMNpoC ke 0 (opmyJiax ISl KOCOy20.b-
HbIX PAalHOHAJIbHBIX TPEYrOJbHUKOB 3HAYMTES/IbHO MEHEE OCBelleH BBM-
Iy HecKonbko Oosblueil crenenu ero TpyaHoctH. B pycckux yueGuu-
Kax aqreGpauyeckuii BbIBOA, (QOpMysT M1 PALMOHAJLHBIX KOCOYroJib-
HBIX TpPeyroJIbHMKOB HMeeTcsi B reomerpuu JlaBujgoBa v B CO0pHMKE
anrebpauvyeckux 3amau Bepemaruna. Takoit ke Xapaxkrtep HumeeT M
BBIBOA COOTBETCTBYIOMX (opmysn, nauHblit Baxmanom B kuure Bach-
mann: Die niglere Zahlentheorie, Bd. II, 1910 (mepeB. B >XypHaie
«MaTtematuueckoe obpazosanue», 1916 r.); Kpome TOro, OH OT/IHYAET-
cs1 GOJIBILOIO CJIOXKHOCTHIO. B HacTosiuel cTathbe npemsiaraeTcsi BHIBOJ
bopmyn ans panMOHANbHBIX KOCOYTOJIbHHIX TPEYroJIbHMKOB, OT/IAYAI0-
muiicss 60JIbLIOK0 MPOCTOTONH M OCHOBAHHHI HA reoMETPUUYECKHUX CO06-
PAOKEHHUAX; KPOME TOro, 3[M€Ch )Ke PacCMaTPUBAIOTCH YACTHBIE CJIYyYau
o0iero BoIpoca, MOryliue NpeacTaBuTL ajrebpadueckuit U reomeTpu-
yecKUit uHTEpec.

2. TMpennaraemblit BHIBOJ, OCHOBBIBAETCA Ha CBOMCTBAaX GTPe3KoOB,
Ha KOTOpHIE PAa3[EeNsATCS CTOPOHBl TPEYroJIbHMKA TOUKAMM KACAHUSA
BIMCAHHO} B 3TOT TPeyroJibHUK OKPYxHocTH. IlycTh (cM. uepTexx) B
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KOCOYToNbHBl  TpeyronbHuK ABC co ctoposamu a, b, ¢ BnucaHa
OKPY)KHOCTb pafMyca r, Kacamlluasicsi CTOPOH TPeyroJibHUKa B TOUKaX
K, L, M; HasbiBasi OTpe3kd OT BepLIMH TpPeyrojibHHKa [0 TOYeK

KacaHMsi COOTBETCTBEHHO uepe3 g
X, ¥, 2, umeem:
AK =AM =x; X
L
BK = BL =y;
CL=CM=2.
O6o3navasi janee nepuMeTp
TpeyrosbHUKa 2p, HMeem:

o
o

x+y+z=p; M
a TAK KaK B TO )K€ BPeMsl, KaK BHIHO U3 yepTexa:
xX+y=c¢x+z2=0b; y+z=a,

TO JiIs1 OTPE3KOB X, ¥y, 2 NOJIyYUM 00ObIUHO NpHUBOJAHUMBIE B KYpCax TpH-
{t OHOMETPHHU BBIPAXKEHMUSI:

X=p—a, y=p—0b, z=p—c.
Hccnegyem cBoiicTBa 3THX OTpPE3KOB; nycTb JJis1 ONpefesleHHOCTH

AL B,
TOrga W
a<lb<e,
T. €.
y+zlx+z<x+y,
U
2 y<x,

Cllef0BaTeNIbHO, paccMaTpuBaeMble OTPe3KW HMAYT MO BEAHuHHE B 00-
paTHOM MOPSiiKE CPaBHUTENbHO CO CTOPOHAMHM M Yyrnamu. Jlerko Bu-
leTb, fajiee, Y4TO yrJibl, NOJYyyalOLIMecsi OT COeMUHEHHMsT LeHTpa BIM-
CaHHOI0 Kpyra ¢ BeplUMHAMH TPeYroJjibHUKa — BCe Tynble, W00 ecin

o 1 1
Obl, Hanpumep, yron AOC Obin npsimoil, To A+ §C=90° U cTOpO-
Hbl AB u CB Obinu Obl napannesbHbl, a eciyd 06l OH OB OCTPBIM, TO
OHM pacxogundch Obl. Tloaromy, OYEBHIIHO, r<]/ 2y, ¥ TIOAABHO
> — '
r<V xy v r<V'xz, otxyma r<y/ xyz.
$lcHo, manee, uyto ecau r<z, TO TPeyroJibHUK OyneT OCTpOyrosb-
HBIM; TNPH F = 2 — NpPSIMOYTONbHLIM M NIPY I >2 — TYNOYronbHEM. 3a-
METUM, HAaKOHeW, 4TO JIOBIM OTpe3Kam X, Y, Z HenpemeHHO Oyper co-
OTBETCTBOBATb ONpefieIEHHbI!l TpeyronbHUK, HO0 CymMma JBYX CTOPOH
ero scerjga Oyzner Gonblue TpeTbeir, UTO CrefyeT M3 yCJOBHsI:

c<a+b, umn (x+y)<y+2)+ x+2),

HO II0C/IEAHCE HEPABCHCTBO BCErja cnpabeaJilBo,
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3. Bpipaxkasi mBosikum 00pa3oM ruiomlagb TPEYroJIbHUKA, MMEEM:

Vop—a(p—b(p—0=r-p
Ui
Vpxyz =rp,
OTKYHa
xyz2—(x +y+2)-ra )]
ITMM ypaBHeHHEM Mbl M BOCMOJIb3yeMcsl JUis BhiBoja Gopmyn cTo-
POH paUMOHAJIbHEIX TPeyroNbHUKOB. HauHem ¢ 4YacTHOro ciyuasi —

NpsIMOYTrOJIbHOTO TpeyrosibHUka, Torga C=90° u r=2. ¥YpaBrHeHHe
(I) npumer Torma BUL:

xyz=(x+y +2)2%

Ui
xy—(x+y+2)z,
OTKyAa
yz + 22
x=27 (a)

IMoaTomy 1151 onpenesieHlsi OTPE3KOB CTOPOH PallHOHANBHOTO Mps-
MOYTOJIbBHOTO TpeyrojlbHiKa MOXXHO B35iTb NPOU3BOJIbHOH BeNHUMHBI
OTpe3KU Z U y >z, TOrga X onpegeautcsi no ¢opmyse (a). Benuuuna
CTOPOH NPSIMOYTOJIbHOTO TPEYroNibHMKA ONpefeTuTcsl MpU 3TOM 1O
tdopmynam:

2yz

_ = _ y:+ z
a=y-+z b—x+z—y_z

H (=X+y= y—z

(b)

Hanpumep, npu z2=1 u y=2 umeem: x=3 u a=3, b=4,
¢=15, T. €. Tak HA3bIBA€MBlii ErHMNeTCKHil NPSIMOYrOJibHBI TpPEyroJib-
HUK. TIpy 2=3, y=>5 nonyunu x=12 4 a=8, b=15, ¢c=17
M T. L. BMecTo HaliieHHBIX BbIpa)KeHWH AJsi CTOPOH TpeyroibHUKa (b)
MO)XHO B3SIThL BE€ iMUMHBI, HM NPONOPLHMOHA IbHBIE:

1. . _ 1 %z, Lyt
a=k(y+2), b—ky_z. c—ky_z.

IMonarasi k= y—2, NOJlydUM HM3BeCTHblE W3 APEBHOCTH (hopmyJibi,
Bblpa)kaloule ~TOPOHBI 11DSIMOYTO/IbHOTO TPEYronbHHUKA B  LEJBIX
YyuCaaX:

a=y—2% b=2%z; c=y*+ 22,
rie y U 2 —OpOM3BOTbHHE Lesble uucya. Tlpy y —z=1 Haiigem
BBIPAYKEHUST:

a=22+4+1, b=222422 c=22+22+1,

KoToprie npunucuBalotest TTudaropy,
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Beuny npakmiaueckolt BaYRHOSTH 3HAHMA UMCEN, BLIPAKAIOUMX CTO-
POHBI PALIHOHANLHLIX MPAMOYTOJILHEIX TPEYT0/IbHHKOB, HANPUMED, NpH
COCTABJIEHMM TEOMETPHUECKMX 3AAAY HA BbiUMCIERME, NMPUBOAMM Tal
auuy MX, He npésbubarominx 100

3, 4 3 9, 40, 41 16, 63, 65 | 36, 7, 85
5, 12, 13 11, 60, 61 20, 21, 29 39, 80, 89
8, 15, 17 12, 35, 37 28, 45, 53 48, 55, 73
1, 24, 25 13, 84, 85 33, 56, 65 65, 72, 97

Mycth Tpebyercs HaiiT CTOPOHB! PALMOHAJILHOID YIPSIMOYTOJILHOFO
TpeyroibHuKa NpH YCJIOBMM, YTO OHMU COCTABJISIIOT apH(METHUECKYIO
nporpeccuro. Toraa €~ b == b —a, WM

A2 2y 2z
y—e  y—z  y—
MM 10 ynpoleHHu:

z—(y""z)y

2 =dyz; y=22,
OTKYza
n=2322% b=142% c=>52%

T. €. CTOPOHBl TAKUX TPEYrONbHHUKOB TNPONOPUHOHANIbLHLL CTOPOHAM
€runeTcKoro TpeyrosibHUKa.

4. Tlepexons K ofwemy cnyual, u3 ypaBHeHMs (I) vmeem:

_y+2)r
x=0tar, (an

Tloatomy, Gepsi OTpe3Ku y, 2 MU r NPOM3BOJILHO, HO NPH YCJIOBHIL
r< I/yz, Mmbl nonyurm no ¢opmyne (I1) BennuuHy orpe3ka x, a 3a-
TEM NONApHLIM CJIOXKEHWEM uMcen X, Y, 2 HailJieM CTOPOHBl paLMOHAaJIb-
HOr0 TpeyroJibHHUKa.

Tak, npu 2=6, y =17 u r =4 Haiinem x=£?—6=8 u a=13,
b =14, ¢c=15.
Ipu r=%, z2=3, y=12 nonyuimx=1u a=15, b=4, ¢ =13.

Jtu fBa mpumepa OBUTH HM3BECTHBL €lle B JIPeBHOCTH.
4 .
Henasi 2=1, y=2u r=-, NONyunM: X=24, 0TKyla a=3,
b=25, ¢=26.
YUToObl COCTaBUTh BBIPA)KEHHUsI CTOPOH TPEYTOJIbHHKA, HYIKHO CJIO-
YKUTb MOMApHO OTPe3kH X, ¥, 2; MONYuHM:

y(r2+ 2%
R e=xty=

BMmecT0 HaijeHHLIX 3HayeHMil MO)KHO B3sITh uYMCia, MM DPOMOpP-
LMOHA JIbHBIE:

— I Con. ..yt 23), _ 1.2+
a=k-(y+2) b _Ix-—yz_rz ; c=k Vi

2(r +y7)
yz—re °

a=y-+z b=x+z=
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TMonarasi k=yz—r?, nojlyunm BHPa)KEHHs1, JAIOMHE CTOPOHH Tpe-
YrojbHHKa B L€JIbIX 4YMclax:

a={y+2)(yz2—r); b=y(@*+2%); c=2z(*+y?).

Il,aaaﬂ B 9THX GOpMynax nmpOM3BONbHLIE 3HAYEHWS] UMCJIAM Y, Z M

r<V/'V2, MOKHO NONYUMTH CKOJIKO YroOSHO LENLX YHCeN IS CTOPOH
pauMoHaJILHBIX TPeyronbHMKOB. OfHAKO mpollie NONYyuuTb CHavana
OTPE3KHM X, Y, 2, @ 3aTeM CJIOKEHHEM HMX HalTM CTOPOHBI TPEYTOJb-
HUKa. Tlpy 3TOM BLIYMCNIEHMS MOMKHO BECTH II0 TAKOMY IJlaHy: B Bbl-

2)r2
paXKeHnH x=(;'—z+_—za— JaBaTb 3HameHaTenw d ==jyz -—r® 3HaAYEHHS
1, 2, 3, 4, ; I Ka)Kporo 3Hauenust d MOXHO mofnaraTh r =1,
2,3,4, ., Torga y v z MOXHO HaiTH W3 BbIpakeHust yz=r?+ d

NyTeM pa3sjiOKeHHs1 ero Ha MHOXUTenu. ITOACTaBAsisA 9T 3HAYEHUs
BMECTO ¥ M 2 B QopmyJly sl X, BbiOMpaeM M3 MOJyyalOmMXCs yucesl
LeJibie 3HAaueHusi; Npu TIOJlyuyeHUM >Ke NPOOHBIX 3HAaueHM Inisi X yBe-
NHYKMBAEM NPOTIOPLIMOHANBHO X, Y, 2 TaK, YTOOLI IOJIyUMJIUCH LieSible
yycsa. UToObl NpH 3TOM He TMOJIyyaTb TIPSIMOYTOJILHBIX TPeyrosbHH-
KOB, CJIE[yET yCTPAHUTL M3 PaCCMOTPEHMs! Te CNyuaH, KOrfa OfMH
W3 OTPEe3KOB X, j, 2 paBeH r.

Mycrb, ranpumep, d = 4. Tonarast r =1, Haligem yz =75, oTKyna
BO3MOXKHO J/MIIb 2 =1, y =5, YTO ZAaeT NPsAIMOYrOJIbHbII TPEyTOJIbHUK.
Tpy r =2 waiinem yz —8 nonarast z=1, y==8, nonyumm x=9 u
a=9, b=10, c=11.

Ecrm e B3aTb y=4, a 2=2, TO NOAYYUM IPSIMOYTOJIbHbIH
TPEYroJIbHUK.

I'Ip!d r=3 mHaiigem yz=13, oTkyma z=1, y=13, urto ana x

63
JaeT -z VaBausasi NONYy4YEHHbIE UUCJA, UMEEM!

x=63, v=206, 2=2 u a=28, b=65 =89

Npu r=4 yz=20. Tonarast z=1, y=20, umeeM x = 84, cne-
noBaTesibHO, @ = 21, b ==85, ¢ = 104; ecsii ke B3aATb 2 =2, y =10,
TO X=48 ¥ a =12, b =50, ¢ =58, uTO N0 COKpalleHHU JaeT a =6,
b =125, ¢c=129. Hakoneln, npu z2=4, y=5 noayuuncs Obl npsmo-
YyronbHbIil TpeyTujibHUK. .

TlocTynast u3JsiOXKeHHBIM 06pa3oM, MOXKHO MNOJYYMTb CKOJIb YTOIHO
Oonblyio Tabsaply uucen AJsi CTOPOH PAalLMOHAJBHBIX TPEYroJibHUKOB.

HaunbGonee nonunass tTabnuua uMcesi,, BHIPAKAKMUX CTOPOHBI paLKo-
HanbHBIX KOCOYIOJIbHBIX TPEyrosibHUKOB M He npesbliarmux 100,
obina nomeumieHa B 1914 r. B Kypnane «Mathematical questions and
solutions», Vol. XXV; B 1915 r. K Heit ObJIO cHeSIAHO JONOJIHEHHE,
TIoCJle Uero YWcilo Ha3BaHHBIX TPEYroNbHUKOB moBemeHo A0 140. Op-
HAKo 3TO 4MCNO He SIBJSIETCS] TIOJIHBIM, M, TNOJIb3ysich BhbIlleyKa3aH-
HBIM METOZOM, HaM y[asnochb IOJYYUTb Ppsid 1peyroiibEMkoB, HE NpH-
BEJIEHHBIX B YIOMsiHyTON Tabnuie.



